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Abstract:  
This paper presents the definite solution of equations of infinite string free vibration problem and the establishment of 

conditions, given the definite solution to solve the problem of two algorithms based on Fourier transform for solving 

partial differential equations are general steps. The problem-solving differential equations after some converted into 

solving the problems of ordinary differential equations, and then to ask as a function of quadrature or inverse solution to 

give the original solution to the problem.  
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1. INFINITE STRING FREE VIBRATION PROBLEMS  

Infinite string free vibration problems is the partial differential equation satisfies the following conditions:  

 
 

For the partial differential equations, we can present major step Fourier transform method of solving:  

1) Equations and boundary conditions of the Fourier transform, using the differential nature of Fourier transform to obtain 

a definite solution of the problem concerning the unknown function as a function of ordinary differential equations;  

2) Solving the problem of definite solution of ordinary differential equations, the unknown function like function;  

3) As a function of the resulting inverse transform, to obtain the solution of the original solution to the problem.  

  

2. Fourier transform and properties  

2.1 Fourier transform concept  

Fourier transform  

 
 

Inverse Fourier transform  

 
 

2.2 Properties of the Fourier transform [1]  

Property 1 (linear nature) Fourier transform is a linear transform, i.e., for an arbitrary complex number ，And 

function f1, f2 , The following holds  

 
 

Property 2 (convolution property) f1(x) and f2(x) Fourier transform is equal to the convolution f1(x) and f2(x) the Fourier 

transform of the product, namely  

 
 

Property 3 f1(x) and f2(x) is equal to the product of the Fourier transform f1(x) 

and f2(x) of the Fourier transform of the convolution is multiplied by  that  

is,  

 
 

Property 4 (Differential property) If f (x), f (x) can be Fourier transform，  

when , The establishment of relations  

 
Property 5 If f(x) and xf (x) can be Fourier transform, then  

 
 

Property 6    

It indicates that the function f (x) along the x-axis to the left or right of the Fourier transform of the displacement x0 , Equal 

to f (x) Fourier transform multiplied by a factor  

 

Property 7 (Integral Property)  
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2. The Fourier transform of the two algorithms  

3.1 Algorithm 1 (conventional solver)  

i. Set  respectively, on the Fourier transform variable x obtained  

 

 
 

ii.The Fourier transform, reach conclusion  

 
 

iii. the differential properties of the Fourier transform, reach conclusion  

 
 

iv.To the equation (1) on both sides of the Fourier transform, reach conclusion  

 
Thus,  

 
 

v. (4) is a second-order ordinary differential equation with parameters, Like  

,  

 

Its characteristic equation ,the solution is   

thus, the general solution (5) is  

Namely, the general solution (4) is  (6).  

Insert the initial conditions (2) (3) to (6) ， the result is   

 
  

Insert the (8) to equation (6), the result is  

                          (9). 

vi. Inverse transformation of the resulting image function   

 
 

By using the displacement properties of Fourier transform, the result is  

 
 

By using the integral property of Fourier transform, the result is  
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In summary,  

 
This is the solution to the problem of the definite solution of the free vibration of an unbounded string. This formula is the 

D'Alembert's formula.  

 

3.2 algorithm 2 (using matlab program) [2]  

Steps i-iv are same with algorithm 1. v. with MATLAB solution.  

Input in the MATLAB window (with U instead of u, with R1instead of (), , with R2 instead of ()),  

>> syms lamda a R_1 R_2  

>> U=dsolve('D2U+a^2*lamda^2*U','U(0)=R_1','DU(0)=R_2','t')  

U =  

   

(exp(-a*lamda*t*i)*(R_2*i  + 

 R_1*a*lamda))/(2*a*lamda)  - 

R_1*a*lamda))/(2*a*lamda)  

(exp(a*lamda*t*i)*(R_2*i  -  

Using Euler's formula  Sort on, the result is  

 
 

vi. Inverse transformation of the resulting image function  

Make the function  on the  Fourier transform, and Fourier convolution formula, the result is  

 
 

vii. with MATLAB solve  

Input in the MATLAB window(with A,B instead of  

>> syms x namda,syms a t positive  

>>A=ifourier(sin(namda*a*t)/namda/a,namda,x),B=ifourier(cos(namda*a*t),namda,x)  

A =  

   

(pi*heaviside(x + a*t) - pi*heaviside(x - a*t))/(2*pi*a)  

   

   

B =   dirac(x + a*t)/2 + dirac(x - a*t)/2  

 

By using the unit step function, get  

 
 

To bring it into the expression of u (x,t) get  

 
 

For the above equation, Using the definition and properties of convolution, the definition of unit step function and the 

definition of a function  
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This is the solution to the problem of the definite solution of the free vibration of an unbounded string. This formula is the 

D'Alembert's formula.  

 

4 Summary  

Since the algorithm 2 is using MATLAB software, making computing easier than Algorithm 1.  
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