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Abstract: -

Based on the theory of similar structure of solution of the boundary value problem of differential equation, this paper
studies the solution of a class of boundary value problem of the composite Thomson equation, After analysis, itis indicate
that the solution with a form of continued fraction product is obtained by introducing functions of guide solution,
constructing similar kernel functions and assembling coefficients of the left non-homogeneous boundary condition,
functions of guide solution and similar kernel functions in this paper. Then a new method is obtained for solving the
composite boundary value problem——Similar Constructive Method. Furthermore, the function solution is clearly
illustrated by the chart which is carried out by the corresponding program in MTLAB. Thus, the method is not only simple
and effective for solving the complicated boundary value problem of differential equation, but also is a kind of innovation
of ideological.
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I INTRODUCTION

The boundary value problem of differential equation in practical problems is applied more and more widely, especially
in application of oil and gas well testing technology. The theory and interpretative method of well testing analysis has
been developed rapidly and improved continuously. Therefore, the corresponding solving method of the boundary value
problem of differential equation is also simultaneously required to be developed and improved. With the sustainable
development and improvement of the theory of similar structure of solution of differential equations, its application in
the field of engineering is also more widespread, and particularly it plays an active role in the solution to reservoir flow
model.

At the beginning of this century, the thought of similar structure of the solution of the boundary value problem of
differential equation began to form [, The theory of similar structure of the solution of the boundary value problem of
differential equation was put forward. Meanwhile, a new method was obtained for solving the class boundary value
problem of differential equation 61, The new method is named Similar Constructing Method (shortened as SCM). The
method is a convenient, effective and creative method for solving the boundary value problem of differential equation.

Based on the above study, this paper will study a class of boundary value problems of the composite Thomson equation
as follows:

Xyl + Xy f(fxz +vf)yl =0 (a<x<c)

Pyl + xy) —(;r.'x2 +v§)y2 =0 (c<x<bh)

[Eyl +(1+EF)y| =D
“1?1 x=c - /1‘}:3 I=c
Vil =MV

[My, + Ny, ] =0
v, >0(j=12) . D#0, Au=0,

@
Here D. E. F. M. N. a. b. care constants

M’ +N* #0,0 <a <c<b.i" =—1. Furthermore, the function solution is clearly illustrated by the chart which is carried
out by the corresponding program in MTLAB.

Il PRELIMINARY KNOWLEDGE

2 — -2 2 P B — | —
Lemma1W|ththevarlablesubstltutlonsv*‘/—*‘ , the first Weber equations }JJ“U (m Jﬂf)}f 0 (J 1’2)

can be transformed into modified Bessel equations

as follows [*7],
. dzy dv; , _
GER T () =0 (7=12)
Proof By taking variable substitution ¢= ‘ﬁx for the Thomson equation and calculating
first-order derivative and two-order derivative of Vi to X (i.e.
dy. dy dv'.  d’y.
];f_E“_-’i: IV_J 1/'"5'_}:?' M")

] . w2
T dx de ™7 dx d¢
equation as follows:

, the Thomson equation can be transformed into the

LAy, dv, L |

Where, Eq. (2) is the modified Bessel equation 7],

Lemma 2 General solution of the Thomson equation can be expressed as:
v = Al (Nix)+ BK, (Vix) (j=12)
Here A B;, i are arbitrarily real constants, and L ()~ = )
of order v; 171,
Proof General solution of the modified Bessel equation can be expressed as:
v, =4I ({)+BK, (&) (j=L2)

©)

are the first and the second class of modified Bessel functions

According to the lemma 1, we lets = Vix , and then general solution of the Thomson equation
can be obtained as follows:

v, =41, ($)+BK, (&) (1_12)
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Let
X - . X my=n;+1 -\ . .
oo ()i (i, () P ()i, () 61D
Lemma 3 I”'f(\/r_x)"ﬁ"f(\/;x) are two linear independent solutions of the Thomson equations

2._.r r -2 2
xv.+xv.—(zx +v.)v =0 . . . .
ST A . We lead into functions of guide solution as follow:

P (.) = K, (Vix) 1, (Vig) + - "1, (Vix ) K, (Vi)

Defining functions of guide solution as follows:

@3, (x,f)@gow (&) (j=12) (5)

v

o v @ se, . (x£) Lo, () VA, (5 (71 ©

1o} v
@OI(Y 9)(@ é‘cf Q)v vy (' 55 E):_;qpvﬁ.vi (Aﬂ=§)+\/’?¢|';.v +l(x!‘§) (J:Lz) (7)
& ] iV

§D1j:1 (x, S ) “3 ( X9 ) ( X, 5 P 9’013.71 v; (xﬁ g)
J_ ’ (8
v,
+ s qDI‘J, I‘j+l (x’ ‘:) 7‘f¢|'j+].:|'j+1 (xB‘:) (.] = L 2)

Here j = 1 denotes left 1‘egion(a <x< c) ., J =2 denotes right region (C <x= b) .

11l THE MAIN THEOREM AND ITS PROOF
Theorem If the boundary value problem (1) has unigue solution, then the solution of left region is expressed as:

.);1 = D . 1 1 - l -

£ F+®, (a)
F+®d (a)

and the solution of right region is expressed as:

1 I 0y, (c5)

pe_ L F+®(a) 20 (c)g;,(a.c)- o, (ac)
F+® (a)

@, (x) (asx<c)

©)

v,=D- @, (x) (ec<x<h), (10)

Hereq)2 (‘) is called the similar kernel function of right region:
o (A) _ M’goio (x_, b)+ Ngo‘il (x,D) |
: Mg}, (c.b) + Ny, (e.b) (11)
anch ( )IS called the similar kernel function of left region:
- . 1 -
@, (x) = 2220V (500) i, (:0) (g

A0, (e)e., (a.c)— up,,(a.c) (12)

Proof According to the lemma 2, we know that general solutions of governing equations of left and right region of the
boundary value problem (1) are

v (x) =41, (Nix)+ BK, (Vix) (=12

(13)
Thus
vi(x)= %[AJJH (Vix)+ BK, (Vix) |
| () ()5, (), () )

By substituting Egs.(13) and (14) into left and right boundary conditions and two connection conditions of the boundary
value problem (1), we obtain the following equations respectively:
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4 {FI (ia)+(1+ EF)[% 1, (Nia)++it, , (\ﬁa)}}
+B, {EK}L (ia)+(1+ EF)[%KH (Via)-+iK, ., (\/?a)}} _
Al (Nie)+ BK, (Nic)- 421, (Vic)-B,AK, (Vic)=0 (16
4 [_1 (Wie) i, (J;c)}w, [_K (Vie)-iK, (ﬁc)}

15

) 1, (Ve i, (Vi) |- B 2K, (Vie)=ViK. . (Vi) | <0 "
AZ{MI‘_: (\/fb)+N[%]‘_: (\/.?b)+\/.r_']‘_:”(«/f_'b)” .

+B, {MKH (ﬁb)+N[‘; K, (Nib)-iK, ,, (J;_b)} _

According to Egs.(5)~(8), we know that the coefficient determinant A of linear equation (Egs.(15) ~ (18)) about
undetermined coefficients is not equal to zero, and

A= E{-ugly (a.c)| Mol (.6)+ Nof, (c.b) [+ A}, (a.c)| My (e.8)+Nay (c.8) ]

+(1+ EF){—;J{D&U (a,c][Mgpio (c.b)+Ngy, (C,b)]+ Ao, (a.c)[Mgoio (c.b)+Ngy, [c,b)]}

.(19)

Values of A B A By, 1, 2, 2 can be obtained by using the Cramer rule as follows:
A= D{;{K («/_c)[’qupw (c.b)+Noj (c.b ] [ 1K, (\/_c) \/;Kl_ll(\/r?c)}
’ [}‘f@oz,o (C, b) + A'r@ozj (C‘- b)]}
= %{;d‘_. (J;C)[ﬁfgﬂio (c.b)+ No7, (c,b)J A [%]\ 1(JITC) il ” («/;c)}

-[;Mqoio (c.b)+Ngy, (c. b)]}

A, = —%{MK‘,: (Vib)+ N[ C(Vib) =ik w(\ﬁb)}-golo(g,c) (22)

(20)

21

B~ 2, (i)« 0[S0 ()i (38) () 23)

By substituting values of A B A By, 1, 2, 2 (EQs.(20)~(23))into Eq.(13) and using the similar kernel function of right
region Eq.(11) and the similar kernel function of left region Eq.(12), solutions of left and right regions of the boundary
value problem (1) are obtained respectively. i.e. Eq.(9) and Eq.(10).

Corollary 1 In the boundary value problem (1), if the right boundary condition is 2 (p)=0

(ie. M#0,N=0) or y;(b)=0 (ie. M=0,N#0), corresponding similar kernel

function of peripheral region is
D, (T) - %2.0 (x,b)/(&f_o (C=b) or @, (x) - q’fil (x-’b)/‘plz.l (C’b)'

Corollary 2 In the boundary value problem (1), if the left boundary condition is the second boundary condition

. r
ie. vy =1), . . ) . . .
Qe. 1|Hf ) the solution of left region to the boundary value problem (1) is the similar kernel function of inner

region (ie. D, (A) ).
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Corollary 3 The first continued fraction, which belongs to the structure of the solution (i.e. Eq.
(8)) of the boundary value problem (1), has the following property:

, D
[J'H (x)+Fy; (x)]x:a D E— (24
+7
F+® (a)

IV STEPS OF THE SCM
According to the proof of lemma 2 and theorem 1, it is easy to induce steps of the SCM for solving the boundary value
problem of the composite first Weber equation. The concrete steps are as follows:

Step 1 Constructing functions of guide solution we structure the function of guide solution of left and right region by

I (\/z_\) andK‘,j (\/1_\) (] =1,

2
using two linear independent solutions " 2) of the governing equation of the left and right

e, &) (j=12). . . .
region of the boundary value problem (1) as follows: P, (x.¢) (/=12) Other functions of guide solution can be

¢V;-,V.-(x"§) (j:l,2) tox, ._f

obtained by calculating partial derivatives of respectively.

Step 2 Constructing similar kernel functions of left and right regions

The similar kernel function CDE (\) of right region of the boundary value problem (1) can be structured by using
5,1=0,1)

boundary condition, as shown Eq.(11). Further we calculate D, () The similar kernel function
the boundary value problem (1) can be structured by using functions of guide solution of left

@, (x.&)(s,1=0,1) AL u

we calculate D, (a).

functions of guide solution of right region qa;_t(x,g)( and coefficients M , N of the homogeneous right

D, (*) of left region of

region ’, coefficients of two connection conditions and P, (c) , as shown Eq.(12). Further

Step 3 Obtaining solutions of the boundary value problem
To the boundary value problem (1), the solution of the left region can be obtained by assembling coefficients D, E , F

of the non-homogeneous left boundary condition , the similar kernel function 2, (x)of left region and @, (a)’ as shown
Eq.(9). The solution of the right region can be obtained by assembling the coefficients D, E , F of the non-homogeneous

Pl (5,8) (51 =0.1)

two connection conditions , the similar kernel function 2, (‘) of right region, @, (c) and @, (a) , as shown Eq.(10).

A, U

left boundary condition, the function of guide solution of left region , coefficients of

V THE APPLICATION OF THE SCM
Solving the boundary value problem as follows:

Kyl ay —ix'y, =0 (1<x<4)

Xyl bay, - (t +1)y, =0 (4<x<10)
Vi, =1

Viley = Vol

Viley =201,

Vs ¥=10 0 (25)

Comparing with the boundary value problem (1) and (25), we know that =0, =la=1,

b=10, c=4, A=1, wu=2, D=1, £E=0, M=0, N=1. According to steps of the SCM, we
solve the boundary value problem (25).
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Step 1 Constructing functions of guide solution
According to Egs.(5) ~ (8), we structure functions of guide solution of left and right regions as follows:

Oho(0:6) = Ky (Nix) 1y (Vig) - 1, (Nix) K, (Vi )
03, (0:) =i K, (Vi) 1y (Vig) + 1 (Ve K, (Vi )
0la (3.£) = i K, (ix) 1,(Nig) + 1, (Vi) K, (Vg ) |
0l (6.8) =i K, (Vix) 1, (Vi) 1, (ix) K, (Vig) |
03 (x-8) = K, (Vix) 1, (Vig) ~ 1, (Vi) K, (Vg
i (5.£) = 7 K, (Vi) 1, (ig) -1, (i) &, (Ve |
i K, (Vix) 1, (Vig) + 1, (Vix) K, (Vi)
0ty (€)= < K (Vi) 1, (i) - 1, (Vi) K, (i) |
i K, (Vix) 1, (Vi) + 1 (Vix) K, (Vi€ |
01 (x:6) = 5 K () 1 () 1, (V) () |- . (V) 1, )
o, () () | () () 1, (), ()
~i[ K, (Vi) z(\ﬁs)— 1, (Vix) K, (V) |

Step 2 Constructing similar kernel functions of left and right regions
According to the Eq.(11), we structure the similar kernel function of right region of the boundary value problem (25) by

o O (3) | 55 () (104F) 1 (4 1045, (4, 104
it (). (1047 [ R (1)1 (108F) - 51 (0 . 104
3 () (1047) 55 (447}, 6T) 3K ()1 1047
o) (104 s 1045, (Y, )|

(4<x<10)
@, (4)= [ifg (44i) 1, (10«/?) —if (447 ) K, (1047 )+ i K, (447 ) 1. (1047
L () R (1045) | 55 () (104F) - 5, (), 104

_ﬁKz(4,]})]1(10\/?)—%]2(4\/;)]{1(IOJ;)+%K1(4\/;)IZ(10\/{).
f 1 (437 K (10N ) — K. (47 ) 2. (1047 ) 12, (447 ) K (1047
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D, (x) = | @, (4)] VK, (Vi) 1, (45 ) i1, (Vi K, (44F) | - 2, (Vi) 1, (4F)
21, (Vix) K, (4%)} x {quz (4)[4& ()1, (447 )+, (V) K, (4&)}
I, (N )1, (447 + 2477, (VG ) K, (4\/?)}7] (1=x<4)

Step 3 Obtaining solutions of the boundary value problem (24)

According to Egs.(9) and (10), solutions of left and right regions of the boundary value problem
(25) can be obtained respectively as follows:
A (r) =, (x) (l <x<4),

v, (x) = | VK, (7)1, (47) i, (440K, (447) | @, (x)~{7CD2 (4)|iK, (i)
1 (a7 i1, (V) K, (4\/?)}2\&'1 (7)1, (47) + 2412, (V) K, (4\ﬁ)}71 .
(4=x<10)

According to above steps, we write a program by using MATLAB language. Then we can draw the graph of the solution
of the boundary value problem (25) as follows(figure 1):

01r

ok

201 |

02}

>-031

04t

-05

-06 D=1E=0F=10 M=0N=1 =1 p=2
07 . . . . . . . . ;
1 2 3 4 5 6 T 8 9 10
Vi-w

Figurel: y~ \/i_X diagram

VI CONCLUSIONS

(1) In the process of solving the boundary value problem of the composite Thomson equation, we just need to obtain
two linear independent solutions of governing equation of left region and two linear independent solutions of
governing equation of right region of the boundary value problem respectively. Then according to Steps of the SCM,
we can obtain solutions of the boundary value problem. Thus, using SCM can avoid the tedious calculation process.

(2) According to structural equations of similar kernel functions Egs. (11) and (12) and structural equations of solutions
of the boundary value problem (1) Egs. (9) and (10), we know that we only need to change coefficients of boundary
conditions to obtain solutions of the boundary value problem (1), when boundary conditions of the boundary value
problem (1) change. Thus, Similar Constructing Method is simple and effective for solving the complicated
boundary value problem of differential equation.

(3) Using MATLAB language to compile the program, we can draw the curve of the solution of the boundary value
problem (25). It can verify the method of SCM is correct for solving the boundary value problem of composite
Thomson equation.
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