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ABSTRACT:

We proposes a new self-similar transformation of the KP equation for mapping into KdV equation and finds its
novel rogue-like parabolic solitons with the ‘short-lived’, which is similar to the rogue wave in NLS equation for
first time.
The new solutions may be useful in the theory of rogue waves in a prototypical example of rogue wave in
the (2+1)-dimensional nonlinear wave models. These studies could be helpful to deepen our understandings and enrich

our knowledge about rogue waves.
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1. INTRODUCTION

Rogue waves are a typical natural phenomenon that can occur in a variety of different physical environments [1]. The
study on the rogue waves has become one of the hot and important subjects in natural science [2]. They are
characterized by large amplitude, high steepness, no warning, short lives, etc. Theoretically, rational solutions of
nonlinear Schrédinger (NLS) equation play a major role in the study of rogue waves for deep water. Rogue waves
appear also in many other physical fields where the NLS type systems can be used, especially in fluid
mechanics[3-5],nonlinear optical systems[6,7], plasmas[8,9], Bose-Einstein condensates[10,11], turbulence[12],
microwaves[13], super-fluids[14], atmosphere[15], communications[16], capillary systems[17], financial
systems[ 18], particulate matter[17], and magnetic materials [20]. In the past decades, the research on rogue waves

has not only abundant theoretical results [21-36], but also abundant experimental verification [37-43].

We know that the mathematical description of water waves in shallow waters and coastal areas is usually based on
solutions of the Korteweg—de Vries (KdV) equation or the Kadomtsev-Petviashvili (KP) equations [44,45], while the
mathematical description of water waves in the open ocean and deep water are described by the NLS equation.
However, the NLS equation has solutions in the form of rogue waves [46] and those phenomena have been observed
in water tanks [42]. Therefore, it is of both theoretical and practical value to search for rogue wave solutions of the
KP equation or the KdV equation as same those of the NLS equation, because the extreme water wave events
frequently hit beaches and coastal areas and cause significant damage and loss of life, after all, constitute nearly 70%
of the total number of extreme water wave events [47]. Of course, it needs to be mentioned here, in order to describe
the shallow water rogue wave in shallow waters and coastal areas, Abdel-Gawad et al. [48] made the first attempts to
find rogue wave solutions of the complex KdV equation derived by Levi [49]. Recently, Ankiewicz et al. [50] further
investigated formation of rogue waves in shallow water from the modified KdV equation by using the complex

Miura transformation. However, little has not been done on this subject for the KP equation, overall.

The paper is organized as follows. We first proposed the idea of self-similar transformation and searched for
constructing method of self-similar wave in the frame of the KP equation. which is mapped to the KdV equation in
Section 2, and secondly, we study the two-dimensional self-similar rogue parabolic-soliton on a inclined plane

background for the KP equation (1) in Section 3. Finally, our conclusions are presented in Section 4.

2. SELF-SIMILAR TRANSFORMATION

We consider the following KP equation:
[u, +6uu, +um]x +302uw =0, o’ =41, )

where subscripts denote differentiation, which is of considerable importance both in physics and mathematics. Eq.(1)

arises in many physical applications including weakly two-dimensional long waves in shallow water, the sign of

o’ depends upon the relevant magnitudes of gravity and surface tension[2], which is classified as the KPI equation

when ¢ =—1and the KPII equation when & =1. Our goal is to research for a mapping relation between Eq. (1)
and the KdV equation

U. +6UU§ +U 0. )

e =

To connect solutions of Eq. (1) with those of Eq.(2), we introduce a new self-similar transformation in the form

u(x, p.t)=p(t)U(ECxy.0,7(0)) + a()x. 3)
where U(ﬁ,r) satisfies KdV equation (2), & =&(x, y,2),7 =7(f) and p= p(t), o = a(¢) are four

undetermined functions of the specified variables. It should be mentioned that & = &(x, y,1),7 =7(t) are called
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the self-similar variables, p(t) is called a amplitude amplification factor, (¢)x is called the excitation background,

respectively. It should also be emphasized that this self-similar transformation is analogous to the self-similar
analysis technique of NLS equation type equations, but the key point here is to add an additional term, of which
important value can be seen later.

Substituting (3) into (1), we can get
PETU +6p (U +UU ) + pElU .. +6p°8 UU, +6p5 8 U,
Hp&, + P&, +12apE, +30° pé,, +60pé X+ pé, U, )
+p(E&, +30°E) +6a8x+3E] +4EE DU, +a,+6a” =0,

Requiring U (&, 7) to satisfy Eq. (2) and u (x, y,t) to be a solution of Eq.(1), we get the set of equations

éxx = 0’ é:xxx = XXXX = 0’ (5)
a,+6a’ =0, (6)
§&+30°E] +6aéix=0, (7)
P, +p&, 30’ pé, +12ap&, =0, ®)
Tl‘:pgx:éj' (9)
It can be inferred from Eq. (5) and Eq. (7)
§Cx,t) = k(t)x +U0)y* +y(t)y + (1), (10)

where k°(2),1(¢), 7(t), @(t) are four undetermined functions of the specified variables ¢ . Substituting Eq. (9) into

Eqgs.(5)—(8) and after some algebra yields

2,2
é:(xvyat): KO X+ > KO(ZO 3 2—{- }/0 > _30— 70(1+3a021)t+§0’
I+6a¢ o (1+6at) 1+ 6a,t) K, (1+6a,t) an
_r(+3ar
A+6a,* "
2
= 12
PO = b (12

where K, &, 3,7, and &, 7, are the free integration constants. Without loss of generality we can choose

& =7,=0.

According to the above, we get a SST (3) with expressions (11) and (12) for the KP equation, which may become
into the KdV equation. Thus, the known solutions of the KdV equation can all be mapped to the solutions of the KP

equation.

It is worth mentioning that the similarity reduction that the KP equation can been reduced to the KdV equationand

the Boussinesq equation except for to the first and second Painlevé equation by means of infinitesimal transformation
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of Lie’s method [51]. In particular, the similarity reductions of the KP equation are thoroughly studied by the direct
reduction method [52-54]. But no above problems were yet involved.

3. ROGUE-LIKE PARABOLIC-SOLITONS
In the following, we use the SST to derive the self-similar parabolic-solitons(PS), which here are called as the

rogue-like PS, of the KP equation from various solitons existed in KdV equation.

As the first application, we consider the single soliton solution of the KdV equation as follows[55]

U(é,r)=%k2 sech’ [%(kf—wr)}, (13)

where k are an arbitrary real parameters, while @ = —k ’. By virtue of the SST (3) with Egs.(11)-(12) and the single

soliton (13) of the KdV equation (2), we find the single self-similar parabolic solutions of the KP equation (1) as
follows

2.2
u(x,y,t)=——%  sech’| —— | Kk, x+ 070 2y _ 7o
D) = S b, 01)? [2(1+6a0t)[ T R (U t6ay)”  1+6ay’

307y, + Kok (1+3a,0)t L%
K, (1+6c,t) 1+ 60t

(14)

Solution (14) involves six free parameters &, }, O, Ky, k . Fig.1 and Fig. 2 displays the solution (14) of and KPI
equation (& =1) and the KPII equation (&~ = 1) in the (x, 1) -plane for fixing a,=0.056,=Ly,=1,

K, =3,k =1,¢, =0, respectively.

A=6.5 A=2.69

(a) (b)
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Fig.1. (Color online.) Evolution of rogue-like parabolic soliton of KPI equation.

The parameters is chosen as ¢” =—1,¢, =0.05,7,=1x, =3,k =1,¢,=0. (a)¢=0, (b) =2, (c)t=4, (d)¢=6.
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Fig. 2. (Color online.) Evolution of rogue-like single parabolic-soliton of KPII equation.
The parameters is chosen as ¢” =1,a, =0.05,7,=1x, =3,k =1,¢0,=0. (a)t=0, (b)1=2, (c)t=4, (d)1=6.

It can be seen from Figure 1 and Figure 2 that the amplitudes of the single parabolic-soliton of the KP equation(1),
which is mapped from the soliton of the KdV equation (2), can be arbitrarily large and decaying quickly with time.
They show shows a strong ‘short-lived’ characteristics similar to the rogue wave in NLS equation. Here we can call

them the moving rogue-like parabolic soliton of the KP equation in the ( x, y) -plane.

As the second application, we consider N-soliton solutions of the KdV equation (2). By means of the classical Hirota

bilinear method, the N line solitons of can be expressed as[56]
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N N
7)=2In Z exp[z,uiEi + Z ,u,./ljaijj ) (15)
101 i=1 1<i</ "
where

2

K~k
k. +k,
Similarly, under the SMT (3) with Eqs.(11) and Eq.(12), the self-similar N parabolic solitons of the KP equation (1)

can be written as

E—k’t, exp(a,) =4, = (16)

2

K, a,
u(x,y,t _— ,T —Ox
0= eanr VO D b
N o (17)
—2 —In ex =+ u.a. +—2
+6(Zot) ,uZOI p[z i 1;<j‘u“uj ljj " 1+6(Z0t

where
Ei(x7y’t) = kig_kisr

2 4
__ kK Kyt — K0, 2y B 30' +k'x; (1+ 3a0t)§ o (18)
1+ 6a,t o (1+6a,t)” 1+6a,t K‘O (1+6a,1)

As another illustration, we discuss the double solitons of the KP equation (1) for solution (17) when N =2 .

Because it involves six free parameters 0, ), 5,,7,> Ky, k; Ky, @, to control the different types of self-similar

parabolic-solitons propagation. Figure 3 and Figure 4 display the solution (17) of the KPI equation ( o’ =-1 ) and

the KPII equation (¢ =1) in the (x, y)-plane for fixing &, =0.05,8, =1,7,=1, k,=3,k=3,¢,=0,

respectively.

t=0, A=9.33 t=2, A=1.42
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Fig. 3. (Color online.) Contour plot of rogue-like double parabolic-soliton of KPI equation. The parameters are

chosenas o =-1,a,=0.05, 8,=1, y,=1,k, =1.2,k, =3,k, =2,¢0, =—1. (@) t=0, (b) 1=2, (c) =4, (d) 1=6.
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Fig.4. (Color online.) Contour plot of rogue-like double parabolic-soliton of KPII equation.
The parameters are chosen as o~ =1,0,=0.05,3,=1, y,=1,k, =1.2,k, =3,k, =2,¢, ==2. (a) =0, (b) =2,

(c)t=4, (d)t=6.

It can also be seen from Figure 3 and Figure 4 that the amplitudes of the double parabolic-solitons of the KP
equation(1), which is mapped from the double soliton of the KdV equation (2), can be arbitrarily large and decaying
quickly with time. A strong characteristics of the ‘short-lives’ similar to the rogue wave cluster in NLS equation is

manifested. Here we can call them the moving rogue-like double parabolic solitons of the KP equation in the ( x, y)

-plane.

4. CONCLUSION
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To summarize, we have established a novel SST and discovered a kinds of novel rogue-like parabolic solitons
of the KP equation. Our results show also definitively that the amplitude of the wave controlled by several
parameters can be large and decay very quickly in a short time, so that it just describes the characteristics of rogue

waves.

The presented results could not directly be generalized to the other (2+1)-dimensional nonlinear evolution models,
but it can bring some enlightenment for studying various integrable and nonintegrable nonlinear models by using of
the self-similar transformation technology. The significance of our findings is not restricted to water rogue waves,
which can be applied to nonlinear optics and to other fields where the KP equation is the governing equation. We
surmise that new experiments characterized by KP equation will be easier to implement and the predictions of the

present work could be verified.
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