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ABTRACT

This research paper is aimed at using Butcher’s rooted trees to separate the f(y) functional derivatives from the f{(x,y)
functional derivatives after applying Taylor series expansion on the general fourth stage fourth order Runge Kutta
method. This approach revealed that the f(y) functional derivatives generated a set of linear/ nonlinear equations that

gave birth to a fourth stage fourth order Runge Kutta formula. This idea is derivable from general graphs and
combinatorics.
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INTRODUCTION

In mathematics, a rooted tree is a directed graph with a distinguished vertex or node called the root which determines the
direction of other vertices or nodes in the tree. According to Williams (2002), a rooted tree is a collection of nodes
connected by directed edges with no circuits having a starting vertex or node called the root. It is a nonlinear data structure,
compared to arrays, linked lists, stacks and queues which are linear data structures. A rooted tree can be empty with no
nodes or consisting of one node called the root and zero or one or more sub trees. A rooted tree has the following general
properties: One node is distinguished as a root; every node or vertex (exclude a root) is connected by a directed edge from
one node to another node; that is direction from a parent to children.

According to Tucker (1980), a rooted tree is a graph with a designated vertex called a root such that there is a unique path
from the root to any other vertex or node in the tree. The length of the unique path from a vertex v to the root is called
the level number of vertex v. The root has level number 0. For any vertex v (except the root), the father of v is the unique
vertex v’ with an edge common with v and a smaller level number. Conversely, v is a son of v'. A vertex with no sons is
a leaf. Rooted trees are sometimes called pointed trees. The tree with one vertex is the “tree” with zero vertex is designated
by 1. An important operation is the merging of trees. If t;, t,, ... t,y, are trees, t = B*(t;, ty, ... t,,,) is defined as the tree
obtain by creating a new vertex r and by joining the root of t;, t,,...t, to r, which becomes the root of t. This operation
is also denoted by t = [t;, ty, ... tyy]-

According to Thomas et al (2001), rooted trees are single rooted connected graphs with no cycles and are used in the
analysis of order for general linear methods. According to William (2002), T denotes the set of all rooted trees including
the empty set. For teT, the order of the tree denoted 7(t), is the number of vertices on the tree. All trees subject to r(t)
>1 can be represented recursively by deleting the root of t and denoting the distinct subtrees left a t;, t,,...t,. The
relationship between t and t;, t,, ...t,,, is denoted by

t=[tM, tI2,..t"™], where n;, n,,...n,, denote the number of times t;, ts, ...t,, respectively occur. This is known as
grafting the trees t;, t,,...t,, to a new root”.

In the work of Butcher (2009, 2010), the first few derivatives of the problem:

y'() = fy(),
we can rewrite the equation in the form:

y'(x) = fl-(y1 (), y,(x), ., yn (x)), i =1,2,..., N, using the chain rule, we have:
" N Ofi o _ N Ofi i
Vi = j=1a_yiyj _Zj=1;fj
This can be written compactly as: y" (x) = f'f,
Where f is the vector f (y(x)) and f' is the linear operator defined by the matrix of partial derivatives.
Introducing the bi-linear operator f'' of second partial derivates and the third derivate of y is found to be: y'"’(x) =
O+ FEf
Y =f"ELD+ ELO+ P ED+ff
Expressions like f, f'f, f (f.f), f'f'f areknown as “elementary differentials.” They are related to rooted trees by
the very simple rule that £f™ is represented by a parent of m children.

Figure 1 The various elementary differentials and their rooted trees

f isrepresented by °
f'f is represented by I
f"(f,f) isrepresented by

f'f'f isrepresented by v
f"'(f,f,f) isrepresented by
f""(f', f, ) is represented by ’\g/
f'f"(f, f) is represented by
f'f'f'f isrepresented by ?

METHOD OF DERIVATION
The following the procedures are adopted before applying Butchers rooted trees to get the equations:
Given the general Runge-Kutta method below:
Vi1 = Yn + R 0(xn, Y, h)
OCen, Y ) = 25:1 b, k,
ki = f(x,y)
k, = f(x + he,,y + h Yl a,ks), r = 2,3, ... R, 2.1

We derive an explicit Fourth-Stage Fourth-order method by:
1. Obtaining the Taylor series expansion of kglsabout the point (x,,, y,), i=2,3.,4,
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ii. Carry out substitution to ensure that all the ké, (are in terms of k; only.
1il. Insert the ké,s in terms of k; only into by ky + byk, + bsk; + buk,
Separate all functional derivatives involving only f(y) with their coefficient from all functional derivatives involving

iv.
f(x,y) and their coefficients.
v. Compare the coefficients of all functional derivatives involving only f(y) with Taylor series expansion involving only
partial derivatives with respect to y of the form:
2 3 4
Or(e.y,h) = f+ 2ffy+ 5 (FF + ) @fi iy + f+ Pl STy fyyy + 413 f5 +
Vi. Arising from (v), a set of linear/ nonlinear equations will be generated. Represent these equations and their functional

derivatives on Butcher’s rooted trees.
rom the scheme in (2.1), the fourth-stage fourth—order method is:
Yn+1 = Yn + h(biky + byk; + bsks + buk,)
kl = f (xn' yn)
ky = f (xp+ 2, Y0 + hazikq)
ks = f (xpt+ csh, yn + h(aziky + aszks))

ky = f Qept cah, Yo + h(asiky + ask, + assks)) (2.2)
Using Taylor’s series expansion for k;s, we have:
kl = f (xn' yn) P 5

o 1
kz = Zr:oﬁ (Czh a + haZIkl E)r f(xn: yn)

w 1 3 F)
ks = Zr:o;(csh ™ + h(as.k, + a32k2)@)r f O )

(2.3)

o 1 a F]
ky = Zr:o;(%h £+ h(as ke + agk, + a43k3)5)rf(xn,yn)

Hence, we have:
ki=f

1 2
ky=f+ (Czhfx + ha21k1fy) + E(Czhfx + ha21k1fy)

3 4
+ = (cohfy + hagkify) + ~(cohfy + hazkify)” + 0(h)
1 2
ks =f+ (CShfx + h(az ik, + aszzks;) fy) + E(Czhfx + h(azik; + aszk;) fy)
1 3 1 4 5
+ §(C3hfx + h(az k, + aszzks) fy) + E(%hfx + h(azik; + aszk;) fy) + 0(h*)
2
ko = f+ (cahfy + h(auiky + ks + aizks) f) + o (Cahfy + h(auks + aky + aisks) f,)" + 5 (cahfy +
4
h(@arky + aiks + agsks) £)° + = (hfy + h(@uky + sk, + aisks) f,)" + 0(h%)
(2.4)

Expanding fully and substituting the various ki’ s, 1 =2, 3, 4 into their various positions in terms of k; only and collecting
like terms, in terms of y derivatives and (x, y) derivatives separately, we have:

ky=f

h2 K3 h4
kZ = f + ha21ffy + Eaglfzfyy + §a§1f3fyyy + Zaglf‘}fyyyy + hczfx
n? 2 2 R 3 R 2 R 2 g2
+ zczfxx + h C2a21ffxy ;szxxx + ;C2a21ffxxy + ;C2a21f fxyy

S e + B0 S Fray o B0 gy + o C2031 iy + 0 (W)ks = f+h (a1 + as)ffy +

h*ay as,f f7 + Z_Z!(a§1 + 2az1a3; + a3,)f%fyy + };—Ta21a32(a21 + 2(az; + a32))f2fyfyy + hs_?(a§1 + 3a3,a;3, +
3a31a§2 + agz)foyyy + Z_T(a32a%1 + 3a§1a32a21 + 3a§2a21 + 6a31a§2a21)f3fyfyyy + Z_Ta%1a32(a31 +
as)f>fyy + Z_Tagza§1f2fy2fyy + %(a§1+ 4a3 a3, + 603,03, + 4a31a3,+ az)f*fyyyy + hesfy + Z_?C:s%fxx +
h?c3(azy + az)ffuy + hPcrasfof, + §C33fxxx + Z_TC32 (az1 + az)ffaxy + §c3(a§1 + 2a31a3; + a32)f*fryy +
h*cyaz,(az; + a32)ffxfyy + h*aya3,(c; + C3)ffyfxy + ’;_TCZZaSnyfxx + h3C2C3a32fxfxy + Z_Tcgfxxxx +

n* n* h* n*
ECZBQSfoxxfy + ;C§62a32fxfxxy + 5‘1216132(6'22 + C?%)ffyfxxy §a21a32(252a31 + 3(:26121 + 663a31)f2fyfxyy
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R 4 4
+ §C3a32622fxxfxy + §C§a32(a31 + az)f fexfyy + 7“21“32(202‘131 + 2003, + 3020 [ fuyfyy
! ! . !
+ h*czaz,ca: ffi5 + gagzczzfxzfyy + h*a3, a0 f fify fyy
4 ' 4
+ §C3C2a32(6a31 + 2a32)f fafayy + o7 €232 (a3, + 2az1a3; + a3)f*fifyyy
) 4
+ h—c3(a + a30)ffrxy + == c%(a%; + 2a3,a5, + a%,)f?f,
31 3 31 32 xxXxy 2121 3 31 31432 32 xXxXyy

h4
+ 563(@1 + 3a3,a3; + 3a3103; + a3))f 3 fiyyy + 0 (R®)

ky=f+h(ay+ as+ a4—3)ffy + h*(a1a4; + 34043 + a32a43)ffy2 +

h2
7(@1 + 2041045 + 2041043 + 2045043 + afy + af3)f%f,

h3
2 2 2
+?(a21a42 + a31043 + 2031035 Au3 + A32043 + 2051041 Ay

+ 2031041 Q43 + 2032041 Qa3 + 2031047 Auz + 2035047 Q43 + 2051047 Qug

3
2 2 2 2 3 3 3 2 2 2
+ 2a51a; + 2a31033 + 2a3,053) fUfyfyythasas; asffy + 5(“41 + 3aga40 + 3ai,a43 + 3a41a5;
' 4
4+ 6a41045a43 + 303,043 + 3a41a%5 + 3a4,a0%5 + a3, + ais)f3f,,y + = (a3a
41042043 42043 4143 42043 42 43 yyy T 3y (031843
2 2 2 2 2 . 2
+ 3a3103,043 + 3031035,043 + 30510514y + 3031051043 + 3035051043 + 603104105,
2 3 2
+ 6031041047043 F 6037041043043 + 6051041047043 + 3031051043 + Q4705 + 303,05,043
2 2 2 2 2 2
+ 60,105,043 + 6031041053 + 6035041053 + 6031045053 + 6032045053 + 3021047053
4

3 3 3 2 2
+ 3aj1a33 + 3a31a33 + 3as,a33) + §(a21a32a43 + 2051031032043 + 205103,043
) 2 2 2
+ 2051032041043 + 2031035047043 + 205103147043 + 2051035045043 + A3104, + 01032053 +

4
2 2 2 2 2Nf252 2 2
as1a43 + 2031032043 + a3,043)f°f fyy + ?(‘121%1‘142 + 03104104, +

2 2
asqa,
+ 21442 +
2 2 4 2
a31a43\ r3,2 , N 4 3 3 2 2 2 2 2 3 3
o ) fyy + o (az1 + 421047 + 4031043 + 605105, + 12041045043 + 605,053 + 4041053 + 404,053+

2 2 2 .2 3 3 4 4 4 2
12a4105,Q43 + 241047043 T6a3,a53+ 403,043+ 4asa5,+ agt ags) f fyyyy + heyfi + h*(csas, +C3a43)fxfy

h? h3
AT Cifyx T PPcy(yr + Ay + ag3)ffiy + o (cFay; + c3a43) fexfy + h?(Ca82104; +C3031a43F C303,043)ffryfy +
R3cy35a43 o 7+ W3 (C2CaQu0t €3€443) frfay ThPCrazausfifif+ h3(Cacsaurt C3¢4a43) fiufy + RP(C2021a4; +

3

3 2 2 h” 3
C4Q31043 + C4032a43)f [y fry+ N7 (C2Q41 Q40 C3Q41A43F C3047Qu3F CA42Au3+ Coa%, + C3a53) ffifyy T ;C4fxxx +
h3 '
20
h4
31

2 2 2
(€2a31Q42+ 2¢3A31037,Q43 + €3031A437C3A3,A43 +

2 2
2 2 2 31043 2
203103504143 + Q52041043 + Q51041043 + 203103242043 + 43,047,043 — 1T 431032053 +

3
2 2 2 h 2 2 2 \f£2
(cias+ CiQyp™T Cy a43)ffxxy+ ;C4(a41 + 2041047 + 2041043 + a3 + 204,043 + al3)f fxyy +
h4

3 3 4 2 2 2 2 2 2
(c3a42+C3a43) frnnfy + ;(36'2 Q1042+ C5A31043+13C5 32043 + 3C5 02104y T3C5A31As3 +3C5A32043) f frxyfy + o

2
204021041 Qup7 2€4031A41043F 2€4035041 Qg3 204051 Q4p+ 2€4031 047043 +

2 2 \fF2
2€403Q42043 + 2C4051A42A43F 2C4031Q43+ 20403,033) f fyfxyy +

h4

3 (C22a32a43)fxxfy2 + h4(C2a21a32a43+ C3Q31032043t C4a21a32a43)ffxyfy2 +

h4
2
2 2 2 2 2 2 4
20,051Af, + C2A3,Af3 + C3A31A43+ C3A3,053 +C3a31A43T C303,0453)f fifyfyy + ' (C203A32a43 + €2€403,a43) o fy fry
o 2 4 2 Rt 2 2
T (c3Calyy + €5C4a43) frx Syt  h*(C2C4021a4y + €3€4a31043 + C3C4a3,a43)f 15 o (CaQ31A47F  €4a31a437F
2 2
204031 037Q437F €403,043 + 2C3051041 045 T2C3031041 Q43 2030350410431 203031047043 203035047431 C2051ApT

h* h*
C3a31azzx3 +C3a32a£3) fzfxyfyy + ;(20253‘142“43"' szaz%z"' C?%az%3)fx2fyy + ;(Czcz%a42+c3cz%a43)fxfxxy +

2
(2¢2a31032a43 + 2¢,05,043 + 205032A41043F 2C2032042Q43 20503147043 T2C2A35047A43 + 2030510470437+
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4
4 2 2 h 2 2
h*(€2€4a41 Q47 + C3C4041043 + C2C4A%, + C3C4042043) +C2C4042A43+ C3€4a53)f frfiyyt o (€c2€41Q47 + C3C41 Q43+
2 2 2 2 2 2
205041057 T 203Q41045043 T2C5041A47Qu3T C3Ci5043 T 20,C5Q43 T 203Q41053 + 203045053 + CQ4,053T

4 4 4

3 3 \f2 h* 4 h 3 3 3 h* 2.2 2

C2Ca1C333)f “fifyyy t —Cafaxaxt T (CiQur + Calap + C3u3)ffrxxy + 55 €4 (A4 + 2041047 + 2041043+ afpt
4! 3! 2121

4
2\ fF2 h 3 2 2 2 2 2 3 3
2047043F A43)f " frxyyt §C4(a41 + 3a31Q4; + 3051043 T3a41a5,F 6041045043+ 35,0431 304,055 + Az + az3)

h4—
f? Feyyy™ 221 (26341045 + 2€5A41043 + 2¢5 045043+ C5a%, + 5a53) [ frnfyy + 0(R°).
2.5)

Putting the k;,S (v derivatives only) into yn.1 = Vn + h(biky + byk, + b3ks + byky whered(x,y,h) = bk, +
byk, + bsks + bsk,, we have:

2 3 4

h h
Yn+1 = Yn T h(blf + bz(f + ha21ffy + aaglfzfyy + iaglfoyyy + Zaglf‘}fyyyy) + b3 (f
h2
+h(az, + az)ffy+ h*azasffy + ?(aé + 2az1a3; + a3))f?fyy

3 3
h_ 2 2 h_ 3 3 2 3 2 3 3
+ 30 az1a35(az1 + 2(asy + asy))f Ffyy + 3 (a3, + 3azia;s; + 3az1a3; + a3)ffyyy
7 ' 4
+ g(%za% + 3a5103201 + 303,01 + 6a3105,0,1)f > f fyyy + 7“%1‘132(‘131 + as)f*f5

h h*
+ Eagzagﬂczfyzfyy + E (a3, + 4'a§1a32 + 6a§1a§2 + 4a31a§2‘|‘ agz)f4fyyyy) + by (f
+h (A + a4y + a)ffy + h2(ag104; + a31043 + a3,043)ffF +

2
7(a£1 + 2041045 + 2041043 + 2045043 + afy + af3)f%Sfy

h3
2 2 2
+?(a21a42 + a31043 + 2031035 Au3 + A32043 + 2051041 Ay

+ 2031041 Q43 + 2032041 Qa3 + 2031047 Qa3 + 2035047 Q43 + 2051047 Qug

h3
+ 203,05, + 2a31a53 + 2a3,053) f2f, fyythPazias; asffy + E(GL + 3a%,a4, + 3ai,a43 + 3a4,05;, +

4
6041042043 + 352043 + 3041053 + 3ag,ai3 + ady + adz)f3fy,, + %(‘131‘143 + 30a3,a3,043 + 303,035,043 +
307151 0sy + 3031051043 + 303205143 + 602104105, + 6031041047043 + 6035041 0sr043 + 607104104043 +
3a31051a43 + 4203, + 303,205,043 + 6a51a5,0,3 j‘ 6a31041a53 + 6a3,041053 + 6031042053 + 6a3,04,055 +
3051042053 + 3051035 + 3031035 + 3az,a3;) + %(a§1a32a43 + 2031031035043 + 2051a5,a43 +
2051032041043 + 2051037042043 -I;2a21a31a42a43 + 2051032042043 + 03108 + 103,05 +a3ia8; +
2a31az.afs + a5as)f i fy + %(a§1a41a42 + 031041 Q4 + 2031035041043 + 055041043 + 51041043 +

2 a%ﬂliz a%ﬂlia 2 a§1a42L3 3¢2 h* 4 3 3
2031037047043 + A35045043 + ot T asasna; + )V fyy + o (ag; + 431047 + 4ag10a43 +

2 2 2 2 2 3 3 2 2 2 2 3
6a31a51 + 12041045043 + 604,053 + 4041053 + 404,053+ 12a4105,043 + 2041045043 +6a5,a53T  4azaast
3. 4 4 4 fh
4041 Q4o+ Ayt y3) f fyyyy)) (2.6)

The Taylor series expansion for y derivatives only is:

Or )= f+ Lff+ DR D SAR Gy F R )t S@f i fy A4S
VF2F2fyy 4 F 4 F ) 2.7)

Comparing the f(y) functional derivatives with the f(y) functional derivatives from the Taylor series expansion, we have
the table below having the individual equation from the individual rooted trees:
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EQUATIONS FUNCTIONAL | r(t) TREE ELEMENTARY O(t) =
DERIVATIVES DEFFRENTIALS ® = d(t)
bl + b2 + b3 + b4_ f 1 . f 4
i=1
bycy + bscs + bycy ffy f'f * 1
- 1/2 2 I Z bic; ="/,
i=2
bsczas; + bycyay, ffyz f'f'f s
+ bycza43 = 1/6 '
3 Z bi ai]C]
i=3,j=2
= 1/6
b2} + byl + by} fy 3 /| TP :
3
i=2
byc3 + bsc3 + byci Loy 4 6D :
=1 bict =1/
/4 L 4
i=2
byaszas;,c, = 1/24 ffy3 4 § frrf &2
Z b; Aij Ak Cx
i=4,j=3,k=2
1
2 2 2 - /24
bzas,cs + byas,c; fhfyy
+ byay3ci = 1/12 4 .\I/‘ (N &3 ,
Z bi al-jcj
i=3,j=2
—1
— /12
bsasz;cyc3 fzfyyfy 4 \} L0 3
+ b4a4_2(:2C4 bl Clal]C]
+ b4a43C3C4 = 1/8 i=3,j=2
_ 1y
8

The table above comprises of the eight equations generated using rooted trees, hence, they are resolved below:

b1 = 1/6, bz = 2/6, b3 = 2/6, b4 =1/6

1 1 1 1
az1 =3, 31 = =7, a3z =1, ay =1 agp= - a3 = 35
Hence, the fourth-stage fourth-order explicit Runge Kutta method (f(y) functional derivatives) becomes:

h

Ynar = Y+ 2 (ki + 2ky + 2ks + ky)
ki = f(n) .
ky = f(n + k1)

ks = fQm + 2 (—ky + 2ky))
ko = fOn+5 @y = ky + k3))

FINDINGS/CONTRIBUTION TO KNOWLEDGE

This research reveals that instead of the stress in expanding the f(y) functional derivatives and f(x,y) functional derivatives
together, a researcher can decide to expand only the f(y) functional derivatives or f(x,y) functional derivatives
independently and get the same set of equations as against the stress of expanding both together.

This is an eye opener, thus, making the derivation of any explicit Runge Kutta formula easier and more precise.
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