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1. INTRODUCTION

It is found from literature that during the recent years many topologists are interested in the study of generalized types of
closed sets. For instance, a certain form of generalized closed sets was, initiated by Levine [9].

Following this trend, we have introduced and investigated a kind of generalized closed sets the definition being formulated
in terms of grills. The concept of grill was first introduced by Choquet [3] in the year 1947. From subsequent
investigations it is revealed that grills can be used as an extremely useful device for investigation of a number of
topological problems.

Ahmad Al-omari and Mohd-salmi Md-Noorani[2] introduced and developed almost contra continuous function
E.Ekici[7] extended the notion to a class of almost contra pre continuous function ~ T. Nolri and V. Popa[10] discussed
the properties of almost contra pre continuous function.

Preliminaries

Definition 2.1: A nonempty collection G of non-empty subsets of a topological space X is called a grill if (i) A €
GandAcSBcX =BeGand(ii)A, BE€XandAUBEeG = A€eGorBEeG.

Let G be a grill on a topological space (X, T). In an operator ¢: P(X) — P(X) was defined by $(A) = {xeX/UNA €
G, VU € 1(x)}, 1(x) denotes the neighborhood of x. Also the map ¥ : P(X) — P(X), given by W¥(A) = {A U ¢(A) for
all A € P(x). Corresponding to a grill G on a topological space (X, t) there exists a unique topology t¢ on X given by
e={U S X/'¥Y(X —-U) =X—U}whereforany A € X, ¥(A) = AU ¢$p(A) = 145- cl(A).

Thus a subset A of x is tc— closed (resp. tc—dense in itself) ifyr(A) = A or equivalently if ¢(A) € A (resp. A € b(A)).
In the next section, we introduce and analyze a new class of generalized contra continuity called almost contra G pxg)
continuity.

Throughout the paper, by on space X we always mean a topological space (X, ) with no separation properties assumed.
If A € X, we shall adopt the usual notations int(A) and cl(A) respectively for the interior and closure of A in (X, T). Again
16— Cl(A) and t¢ — int(A) will respectively denote the closure and interior of A in (X, tc ). Similarly, whenever we say
that a subset A of a space X is open (or closed), it will mean that A is open (or closed) in (X, T). For open and closed sets
with respective to any other topology on X, eg. tc we shall write T — open and tc— closed. The collection of all open
neighborhoods of a point x in (X, ) will be denoted t(x).

(%, T G) denotes a topological space (X, t) with a grill G.

Definition 2.2: A subset A of a topological space (X, T) is called
1. bopenif A< intcl(A) U cl(int(A))
b*g closed if cl(A) € U whenever A € U and U is b open
(b*g)*closed if cl(A) € U whenever AC U and U is b*g open
0 closed if A =8 cl(A)where 6 cl(A) = {x € X: cl(U) N A # ¢V UE t and xeU}
& closed if A= & cl(A) where & cl(A) = { xeX, int(cl(U) N A # ¢,V U € T and xeU}.

ar®LN

Definition 2.3: A function f: (X, t)— (Y, o) is said to be almost contra continuous of (V) is closed X, for every regular
opensetVinY.

3. ALMOST CONTRA Gp.g). CONTINUOUS FUNCTION
Definition 3.1: A subset A of (X,t,G) is called G,.g). Closed if ¢(A) € U whenever A< Uand U is b"g open in X.

Definition 3.2: A function f: (X,t,G) — (Y, o) is almost contra G~ continuous of f(V) is G,.g). closed in X, for
every regular open set VV of Y.

Example 3.3: Let X={a,b,c,}, t={d,{a},{b},{a,b,},{ac}, X} G={{b,c}, X}
Define f: (X, T, G) — (X, T) to be the identity function f is almost contra G .g).continuous.

Theorem 3.4: If f: X — Y is contra Gy.g). continuous, then it is almost contra G.g). continuous.

Proof: The proof is obvious, as every regular open set is open set.
The converse of the above theorem need not be true can be seen from the following example.

Example 3.5: Let X={a, b,c}, t={d,{a, b}, X} G={{b}, {a,b},{b,c}, X}
Let f: (X, T, G) — (X, T) be the identity function f is almost contra G,.g).continuous but not contra G,.g).continuous as f
({a, b}) = {a, b} is not G.g). closed.

Theorem 3.6:
1. Every almost contra continuous function is almost contra G.g). continuous

2. Every almost contra (b*g)* continuous function is almost contra G.g).continuous
3. Every almost contra 6 continuous function is almost contra G.g). continuous
4. Every almost contra § continuous function is almost contra G,.g). continuous

Volume-9 | Issue-1 | April, 2022 2



NNPublication Journal of Advance Research in Mathematics And Statistics ISSN: 2208-2409

Proof: Obvious
Converse of the above statements need not be true can be seen from the following examples.

Example 3.7: Refer example 3.3
fis almost contra G.g). continuous but not almost contra continuous as f*({a}) = {a} is not closed in X.

Example 3.8: Refer example 3.3
fis almost contra Gy,.g). continuous but not almost contra (b*g)* continuous as f*({a}) = {a} is not (b*g)* closed.

Example 3.9 : Refer example 3.3
fis almost contra Gy.g). continuous but not almost contra 6 continuous as f*({a}) = {a} is not 6 closed.

Example 3.10 : Refer example 3.3
fis almost contra G.g). continuous but not almost contra & continuous as f*({a}) = {a} is not & closed.

Theorem 3.11: Let arbitrary union of G,.g). Open sets be G,.g).0pen in X. The following are equivalent for a function
f:X,1,G) - (Y,0)

1. fisalmost contra G.g). continuous

2. For every regular closed set F of Y, f~1(F) is G(peg)« OpeN in X

3. Foreach x € Xand each regular closed set F of Y containing f(x), there exists G,.g). Open set U containing x

in X such that f(U) € F
4. Foreachx € Xand each regular open set VV of Y not containing f(x), there exists a G.g). closed set K in X not
containing x such that f~1(V) € K.

Proof: 1) < 2)isobvious

2) = 3) Let F be aregular closed set in Y containing f(x). This implies x € f~1(F). By 2) f~1(F) is G(p+g)~ OPEN In X
containing Xx. Let U = f~1(F). This implies U is Gp«g)« OPEN in X containing x and f(U) = f(f~1(F)) cF.

3) = 2) Let F be regular closed in Y containing f(x). Thisimplies x € f~1(F).

From 3) there exists Gp.g). Open set Uy in X containing x such that f(Uy) € F. Thatis U, € f~*(F). That’s f~'(F) =
U[Uy : x € f7'(F)]. This is union of G,.g). open sets. So f~(F) is G.g). Open in X.

3) = 4) Let V be regular open set in Y not containing f(x). Then Y —V is a regular closed set in Y containing f(x).
From 3) then exists Gy.g). Open set U in X containing x such that f(U) c Y — V. This impliesU < T (Y-V)=X—
f~1(V). Hence f~'(V) € X — U. LetK = X — U. Then K is Gy.g). Closed not containing x such that f~*(V) € K.

4) = 3) Let F be regular closed set in Y containing f(x). ThenY —F is a regular open set in Y not containing f(x). From
4), there is G,.g).closed set K not containing x such that f~'(Y —F) € K. That is X — f~'(F) € K. Hence
X—K < f7'(F). Thatis f(X —K) S F. LetU = X — K. U is G.g). open containing x such that f(U) € F.

Theorem 3.12: The following are equivalent for a function f: (X, t,G) - (Y,0)
1. fisalmost contra G, ). continuous
2. fH(int(cl(G))) is Gpug). closed in X for every open set G of Y
3. fH(cl(int(F))) is Ggpug). Open in X for every open set F of Y

Proof: 1) < 2) Let G be openin Y. Then int(cl(G)) is regular openin Y.

By 1) f~(int(cl(G))) is G(p.g). closed in X.

2) = 1) Let V be regular openin Y. Then f~*(V) = f~*(int(cl(V))) is Gp.g).Closed in X, as V is openin Y. So, f
is almost contra G.g). continuous.

1) = 3) Let F be closed in Y. Then cl(int(F)) is regular closed in Y. By 1) f~*(cl(int(F))) is G(p+g)« OPEN in X.

3) = 1) Obvious.

Definition 3.13: A function f: (X, ,G) - (Y, 0) is said to be R- map if f~2(V) is regular open for each regular open set
VofY.
Theorem 3.14: If f: (X,7,G6) - (Y, 0) is almost contra G, ). continuous and almost continuous, the f is an R-map.

Proof: LetV € RO(Y). Then f~'(V) is G(p.g). closed and open. Then f~*(V)is regular open in X. So, fisan R -
Map.

Definition 3.15: A function f: (X,t,G) - (Y, o) is said to be perfectly continuous iff ~1(V)is clopen for each open set
VofY.
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Theorem 3.16: For two functions f:(X,7,G) » (Y,o)andg:Y — Z, let gof: X — Z be a composition function. Then
the following hold.
1. If fisalmost contra G,.g). continuous and g is an R-map, then g o f is almost contra G . 4).continuous
2. If fis almost contra G,.4). continuous and g is perfectly continuous, the g o f is almost G .. continuous and
almost contra G..4). continuous
3. Iffiscontra G, ). continuous and g is almost continuous, then g o f is almost contra G, 4y.continuous.

1. LetV be regular open in Z. Then g='(V) is regular open in Y. As f is almost contra G, ). continuous.
(gof)7*WV) = fH(g~ (V) is Gpugy. closed in X,

2. LetV beregularopeninZ. Then g~(V)isclopeninY. Thatis g~*(V) is regular open and regular closed
inY. So, (gof)™*(V) = f~1 (g~ (V) is G(psg). OpeN and Gy g).closed in X

3. Let V be regular open Z. g~'(V) is open in Y. As f is contra G.gq). continuous (gof)~*(V) =
F71(g7 (V) is Gpug). Closed in X.

Definition 3.17: A grill topological space X is said to be T ,.4).Space if every G, q). open set in X is open in X.

Definition 3.18: Let f: X — Y be contra G.g). continuous and g: Y — Z be G.g). continuous. If Y is a T p.q). SPaCe,
thengo f: (X,7,G) - (Z,7) is almost contra G, 4).continuous.

Proof: Let V be regular open in Z. Then g='(V) is Gp.g). Openin Y. As Y is T p.q).Space g~ (V) isopenin Y. So,
(gof)TX (V) = f71 (g7 (V) iS G(pug). Closed in X.

Definition 3.19: A function f : X — Y is said to be strongly G . ). open (strongly G,.4).closed) if f(U) is G (. 4). Open
(Gprg)«closed) for every G,.q). 0pen (Gp.q). closed) set U of X.

Theorem 3.20: Iff : (X,7,G) — (Y, 0)is surjective and strongly G,.4). open (strongly G,.g).closed) g:Y —» Z isa
function such that gof : (X,7,G) — (Y, 0)is almost contra G,.4). continuous, then g is almost contra G,.4). continuous.

Proof: Let V be regular closed (regular open) set in Z. As g o f is almost contra Gy, ). continuous (gof)™'(V) =
Y g~ r(V))is G(prg)« OPEN (Gpg). Closed). Since f is surjective and strongly G . ). open (strongly G.g).closed)
FUETHGTIV))) = g7 (V) is Gpug).0pen (Gp.g). Closed). Hence g is almost contra G .q).continuous.

Definition 3.21: A function f: (X,t,G) — (Y, o) is said to be weaklyG,.g.continuous, if for each x € X and each open
set V of Y, containing f(x) there exists a G.g).0pen set U of X containing x such that f(U) < cl(V).

Theorem 3.22: Ifafunction f : (X, ,G) — (Y, 0) is almost contra G.g). continuous, then f is weakly G.g). continuous
function.

Proof: Letx € X and V be an open set containing f(x). Then cl(V) is regular closed in Y containing f(x).. As f is almost
contra Gey.g). continuous, f~*(cl(V)) is Ge.g. Open in X containing x. Let U=f"*(cI(V)). Then f(U) <

f(f‘l(cl(V))) c cl(V). Hence f is almost weakly G .g). continuous.

Definition 3.23: A grill topological space X is called locally G,.g). indiscrete, if every G,.q). open set is closed in X.

Theorem 3.24: If a function f : (X, t,G) — (Y, 0) isalmost contra G.g). continuous and X is locally G.g). indiscrete,
then f is almost continuous.

Proof: Let V be regular closed in Y. So f~1(V) is G(p+g)» OPEN In X As X'is locally Gp.g). indiscrete. f~1(V) is closed
in X. Hence f is almost continuous.

4.Gy.g). Regular graphs
Definition 4.1: For a function f: (X, 1,G) — (Y, 0),the subset{(x, f(x): x € X} € XxY is called the graph of f and is
denoted by G(f).

Definition 4.2: A graph G(f) of a function f : (X, 1, G) — (Y, 0), is said to be G.g). regular if for each {(x,y) € (XxY) —
G(f), there exists G, closed set U in X containing x and V- € RO(Y) containing y such that (UxV) N G(f) = ¢.

Volume-9 | Issue-1 | April, 2022 4



NNPublication Journal of Advance Research in Mathematics And Statistics ISSN: 2208-2409

Lemma 4.3: The following properties are equivalent for a graph G(f) of a function:

1. G
(f) is Gep.g)« regular
2 F

or each point (x,y) € (XxY) — G(f), there exist a G.g). Closed set U in X containing x and V€ RO(Y) containing y
such that f(U) NV = @.

Proof:

1) = 2) Let (x,y) € (XxY) — G(f). Then there exists a Gy.g). closed set U in X containing x and V € RO(Y)
containing y such that (UxV) N G(f) = ¢.ThatisV N f(X) = ¢.ThatisV nf(U) = ¢.

2) = 1)Assume2).y € V,y € Y —f(X). Thatisy # f(x) foranyx € X. ThatisV n f(X) = ¢. Thisimplies (UxV) N
(Xxf(X)) = ¢. Thatis (UxV) N G() = ¢.

Theorem 4.4: If f: X - Y, is almost contra G.g). continuous and Y is T,, then G(f) is Gy.g). regular in X x Y.

Proof:
LetY be T,. Let (x,y)e(XxY) — G(f). It follows f(x) # y. AsY is T, there exist open sets V and W containing f(x) and
y respectively such that V.nW = ¢. Then int (cI(V)) nint(cl(W)) = ¢. Since f is almost contra G.g).Continuous

f=2(int(cl(V))) is G(p«g)« Closed in X as int(cl(V)) is regular open in Y.

LetU= f?! (int(cl(V))). Then f(U) € int(cl(V)). So, f(U) Nint(cl(W)) = ¢. Hence G(f) is Ggy.g).regular in X x
Y.

The intersection of two G,.g).0pen sets need not be G,.g).0pen. But in the following theorem, we assume that
intersection of two Gy,.g). Open sets is Gy.g). OpeN.

Theorem 4.5: Let f: (X,1,G) = (Y,0) be a function and g: (X, t) —» (XxY, tx0), the graph function defined g(x) =
(% £(x)), for every xeX. Then f is almost Gy.g). continuous if and only if g is almost Gy.q).continuous.

Proof:

Let g be almost Gp,.g). continuous. Let xeX and VeRO(Y) containing f(x). Then g(x) = (x, f(x)eRO(XxY). As g is almost
Gep«g)« CONtinuous, there exist Gy.g). Open set U of X containing x such that g(U) < XxY. So, f(U) € V. Hence f is
almost Gp.g). continuous.

Conversely, let f be almost G,.g).continuous. Letx € X and W be a regular open set of X x Y containing g(x). There
exists U; € RO(X, 1) andV € RO(Y, o) such that (x, f(x)) € (U;xV) € W. As fis almost Gp+g)+ CONtinuous there exists
U, € RO(X,T) such thatx € U, and f(U,) cV. Let U= U; NnU,. We have x €U € Gp.g).0(X ) and g(U)
(UyxV) € W. This implies g is almost G .g).continuous.

5 Connectedness
Definition 5.1: A grill topological space X is calledG,.g). connected if X cannot be written as a disjoint union of two
non-empty Gp.g). OPeN sets.

Definition 5.2: If f: (X,t,G) - (Y, 0) is an almost contra G,.g). continuous surjection and X is G.g). connected then
Y is connected.

Proof: Let Y be not connected. Then Y = U, U V, such that U,and V, are disjoint nonempty open sets. Let U =
int(cl(Uy)) and V = int(cl(V, )). Then U and V are disjoint nonempty regular open sets such that Y =U U V. Asfis
almost contra G.g). continuous. f~*(U) and f~'(V) are G,.g).Closed sets of X. We have X = f~(U) u f~*(V)such
that f~1(U) and f~* (V) are disjoint. Since f is surjective. f=*(U) and f~*(V)are nonempty. This implies X is not Gp.g)-
connected. Hence Y is connected.

Theorem 5.3 : The almost contra G,.g). continuous image of G,.). connected space is connected.

Proof : Let f: (X,t,G) — (Y, 0) be an almost contra G, continuous function of a G,.q). connected space X onto a
topological space Y. Suppose Y is not a connected space. The Y = V; U V, where V; andV, are disjoint nonempty
open sets of Y. So, V; andV, are clopen in Y. As f is almost contra G,.g). continuous. f~1(vy) and f~1(V,) are G(prg)
open in X. Also f~1(V,) and f~1(V,) are disjoint nonempty and X = f~1(V,) U f=1(V,). This contradiction shows Y is
connected.

Definition 5.4 : A grill topological space X is said to be G,.g). ultra connected if every two non empty G.q).closed
subsets of X intersect.
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Definition 5.5 : A topological space X is said to be hyper connected if every open set is dense.

Theorem 5.6 @ If X is G,.g). ultra connected and f: (X, t,G) - (Y, 0) is almost contra G,.g). continuous surjection,
then Y is hyperconnected.

Proof: Let Y be not hyper connected. So, there exists an open set V in Y such that V is not dense in Y. So, there exist
nonempty regular open set: B; = int(cl(V))andB2 = Y—cl(V)inY. As f is almost contra Gy.g. continuous
f~1(B; )andf~*(B, ) are disjoint Gp.g). closed. This contradicts the G.g).ultraconnectednessofX. Hence Y is
hyperconnected.

6 Separation axioms
Definition 6.1 : A grill topological space X is said to be G,.g).T; space if for any pair of distinct points x and y, there
exist Gp.g).0pen sets G and H such that x € G,y ¢ Gandx € H,y € H.

Definition 6.2 : A space X is said to be weakly Hausdorff if each element of X is an intersection of regular closed sets.
Theorem 6.3 : If f: X — Y is almost contra G.g). continuous injection and Y is weakly Hausdorff, then X is Gy.g). Ti.

Proof : Let Y be weakly Hausdorff. For any distinct points x and y in X, there exist VV and W regular closed sets in Y
such that f(x) € V,f(y) ¢ V,andf(y) € Wandf(x) ¢ W. Since f is almost contra Ge.g. continuous,

f=1(V)andf~* (W) are G,.g). open sets of X such that x € f~* (V),y & f~'(V)andy € f~*(W),x & f~'(W). This
completes the proof.

Corollary 6.4 : If f: (X,t,G) = (Y,0) is contra G,.g). continuous injection and y is weakly Hausdorff, then X is
G(b*g)*Tl-

Definition 6.5 : A topological space X is called Ultra Hausdorff space, if for every pair of distinct points x and y in X,
there exist disjoint clopen sets U and V in X, containing x and y respectively.

Definition 6.6 : A grill topological space is said to be G.g). T, space if for any pair of distinct points x and y in X, there
exist disjoint G.g). open sets G and H such that x € Gand y € H.

Theorem 6.7 : Iff: (X,7,G) — (Y, 0) is an almost contra G,.g). continuous injective function from space X into a Ultra
Hausdorff space Y, then X is Gp.g). T

Proof : Let x and y be distinct points in X. As f is injective f(x) # f(y). As Y is Ultra Hausforff space, there exist
disjoint clopen sets U and V of Y containing f(x) and f(y) respectively. Then x € f~1(U) andy € f~1(V) where
f~1(U) and f~1(V) are disjoint Gp+g)» OPEN sets in X. Hence the assertion.

Definition 6.8 : A topological space is called Ultra normal space, if each pair of disjoint closed sets can be separated by
disjoint clopen sets.

Definition 6.9 : A grill topological space X is said to be G.g). normal if each pair of disjoint closed sets can be separated
by disjoint Gp.g). Open sets.

Theorem 6.10 : If f: (X,1,G) — (Y, 0) is an almost contra G,.g). continuous closed injection and Y is Ultra normal,
then X is Gp.g). NOrmal.

Proof : Let E and F be disjoint closed subsets of X. As f is closed and injective f(E) and f(F) are disjoint closed sets in
Y. Sincey is Ultra normal, there exist disjoint clopen sets U and V in Y such that f(E) < U and f(F) < V. This implies
Ec f~'(U)andF € f~*(V). As fisalmost contra G.g). continuous, f~*(U)andf (V) are disjoint G,.g). Open sets
in X. This completes the proof.

Lemma6.11: Iff: (X,t,G) — (Y,0) is an almost G,.). continuous implies for each x € X and for every regular open
set V of Y containing f(x), there exists G.g). 0pen set U in X containing x such that f(U) < V.

Proof : Letf: X — Y be almost G,.g). continuous. Let V be regular open in Y containing f(x). f='(V) is G.g). Open
in X containing x. LetU = f~1(V). This implies U is G(p+g)-0pEN in X containing x and f(U) = f(f‘l(V)) cV.

Theorem 6.12 : If f: (X,1,G) — (Y, 0) is an almost G,.g). continuous and Y is semiregular, then f isG,..continuous.
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Proof : Let x € X and V be an open set of Y containing f(x). By the definition of semi regularity of Y, there exists a
regular open set G of Y such that f(x) € G € V. Since f is almost G .g). continuous there exists U € Gp.g).0(X, x) such
that f(U) < G. Hence we have f(U) € G € V. This shows f is G,.g). continuous.

7. Compactness

Definition 7.1 : A space X is said to be

1. Gpsg). cOmpact if every Ge,.g). open cover of X has finite sub cover

Gp+g)+ Clased compact if every G,.g). closed cover of X has a finite sub cover

Nearly compact if every regular open cover of X has a finite sub cover

Countably G,.q). compact if every countable cover of X by G.g). Open sets has a finite sub cover
Countably G,.g). closed compact if every countable cover of X by G,.g). Closed sets has a finite subcover
Nearly countably compact if every countable cover of X by regular open sets has a finite sub cover
G(p«g)» Lindelof if every G,.q). Open cover of X has a countable sub cover

G(p+g)« Closed Lindelof if every G,.g). closed cover of X has a countable sub cover

Nearly Lindlof if every regular open cover of X has countable sub cover

10 S — Lindlof if every cover of X by regular closed sets has a countable sub cover

11. Countably S closed if every countable cover of X by regular closed sets has a finite sub cover

12.S —closed if every regular closed cover of X has a finite sub cover

© N O~

Theorem 7.2 :Let f: (X,t,G) — (Y, 0) be an almost contra G,.g). continuous surjection. Then the following properties
hold:

1. If X'is G(y.g). Closed compact, the Y is nearly compact

2. If X'is countably G.g). closed compact, then Y is nearly countably compact

3. If X'is Gp.g).Closed Lindelof, then Y is nearly Lindelof

Proof : 1) Let { V,: ael} be any regular open cover of Y. As f is almost contra G.g). continuous. {f71(V,) : ael}is
G(p«g)» Closed cover of X. Since X is G.g). Closed compact, there exists a finite subset I, oflsuch that X =

U{f~1(V): aelp}. As fis surjective,Y = U{V, : ael,}, which is a finite sub cover of Y. Hence Y is nearly compact.
The proof of 2) and 3) are similar.

Theorem 7.3 : Letf: (X,1,G) — (Y, 0) be an almost contra G,g). continuous surjection. Then the following hold:
1. If X'is G(y.g). cOMpact then Y is S-closed

2. If X'is countably G.gq). compact, then Y is countably S-closed

3. If X'is Gp.g). Lindelof, then Y is S- Lindelof

Proof : 1) Let {V, : ael} be any regular closed cover of Y. As f is almost contra G.g). continuous {f*(V,) : ael}
iS G(p.g). OPeN cover of X. Since X is G,.gq). cOMpact, there exist a finite subset I, of I such that X = U{f~'(V,) : aelo}.
As fis surjective Y = U{V,: ael, } is a finite sub cover for Y. This shows Y is S- closed.

The proof of 2) and 3) are similar.
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