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Abstract: -

This paper considers the determination of graph isomorphism using R. After the preliminaries about graph theory is
introduced systematically, the graph isomorphism determination process are studied. Then computer program for the
determination of graph isomorphism is written using R. According to these R codes, the paper determines the isomorphism

of three 3-regular graphs on 6 vertices and three 3-regular graphs on 8 vertices respectively, and the output proves that
the R codes are very practical and effective.

Keywords: adjacency matrix; permutation matrix; graph sequence; kregular graph; eigenvalue; isomorphism

mapping
Mathematics Subject Classification: 05C60

©OO®

Distributed under Creative Commons CC BY-NC 4.0 OPEN ACCESS

Vol. 7 No. 11 (2020) 1


mailto:chaobing5@163.com
mailto:chaobing5@163.com

Journal of Advance Research in Mathematics and Statistics (ISSN: 2208-2409)

1. INTRODUCTION

Graph theory is an important branch of modern mathematics, a bridge between mathematics and computer science and
between mathematics and other disciplines, and an important tool for establishing and processing discrete mathematical
models. Many states in objective reality can be described by graphs and solved with knowledge of graph theory.
Therefore, graph theory is a new instrumental subject with strong practicality.

The isomorphism determination of graphs is one of the basic problems in graph theory. The isomorphism of a graph is
simply that two graphs have exactly the same structure. The concept of “isomorphism” seems so simple, but determining
whether two graphs are isomorphism is a very difficult task. For a long time, scholars have tried to find a set of invariants
to determine the isomorphism of graphs, and some people once thought that the isomorphism of graphs could be
determined according to the characteristic polynomial and eigenvalue of the graph’s adjacency matrix, but the results all
failed. There are a large number of literatures on the graph isomorphism problem including [1-10] among others. In this
paper, we write a computer program using R language to determine the isomorphism of graphs by searching permutation
matrix according to some relevant conclusions of graph isomorphism such as adjacency matrix.

The rest of this paper is organized as follows. In Section 2, we present a description of preliminaries about graph theory.
Section 3 describes the graph isomorphism determination process. In Section 4, computer program for the determination
of graph isomorphism is written using R. Finally, we summarize and conclude the paper in Section 5.

2. Preliminaries

Definition 1 The graph G is an ordered triplet G = (V (G),E(G),¢c), where V (G) is a fixed point non-empty set, E(G) is
a set of edges, and ¢g is an association function between edges and a pair of unordered vertices (which can be the same)
in G.

Definition 2 v(G), v for short, denotes the number of vertices of the graph G; &(G), ¢ for short, denotes the number of
edges of the graph G.

Definition 3 If the graph G has neither lifting ring nor multiple edges, then G is called a simple graph.

Definition 4 The number of edges associated with vertex u in the graph G is called the degree of vertex u, denoted as
ds(u) or d(u) for short. 6(G) and A(G) respectively denote the minimum and maximum degrees of the vertices in G.

2e.

Theorem 1 2-vev (V) =
Corollary 1 The number of vertices with odd degrees is even.

Definition 5 If 6(G) = A(G), then graph G is called a k-regular graph.
Definition 6 The degree sequence of a simple graph is called a graph sequence.

Theorem 2 Degree sequence d = (dy,dz,--- ,dy) is @ nonincreasing sequence of negative integers, set d" = (d,—1,d3— 1,
,da1+1— 1,da1+2, -+ ,dn), then d is a graph sequence &= " is a graph sequence.

Definition 7 If there is a two-sided single-value mapping between the graph G = (V (G),E(G),éc) and the graph H = (V
(H),E(H),¢w), which satisfies 8: V (G) — V (H) and ¢ : E(G) — E(H), and ¢c = uv & ¢n(p(uv)) = 8(u)é(v), we call graphs
G and H isomorphic, denote itas G = H.

Definition 8 Adjacency matrix

(G) = laij]ynos where ajj is the number of edges connecting vertex A to vertex B.
Definition 9 If every row and every column of a square matrix has exactly one number 1, the square matrix is called a
permutation matrix.

Theorem 3 The adjacency matrices of the graphs G and H is A and B respectively, then G = H <= there is a
permutation matrix P, so that PAFP' = B.

3. Graph isomorphism determination process

According to the preliminaries in Section 2, we can obtain the graph isomorphism determination process.

Let the degree sequences of vertices in G and H be d; and d in descending order respectively, and the adjacency matrices

be A and B respectively. The steps to determine whether G and H are isomorphic are as follows:

(1) If d1 # d2, then G and H are not isomorphic; otherwise, proceed to the step (2);

(2) If the eigenvalues of A are different from the ones of B, then G and H are not isomorphic; otherwise, proceed to the
step (3);

(3) If there is a permutation matrix P so that PAP’ = B, then G = H; otherwise, G and H are not isomorphic.
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Figure 1Three of 3-regular graphs on 6 vertices
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Figure 2Three of 3-regular graphs on 8 vertices

4. R codes for the determination of graph isomorphism

Now we will determine whether the three graphs in Figure 1 are isomorphic and the three graphs in Figure 2 are
isomorphic.

First, we determine whether the three graphs in Figure 1 are isomorphic. Since the graph sequences of 3-regular graphs
on 6 vertices are the same, we directly determine whether the eigenvalues of their adjacency matrices are equal.

The adjacency matrices of three 3-regular graphs on 6 vertices in Figure 1 is

01 1001 01 0 1 1 0 01 0 1 1 0
1 01 0 1 0 1 01 0 01 L o1 0 01
1 1.0 1 0 0 01 0 1 1 0 01 0 1 1 0
001011 ‘ 1 01 0 01 L o1 0 01
010101 1 01 0 01 L o1 0 01
1 00 1 1 0 01 0 1 10 01 0 1 10

The R codes for the input of adjacency matrix and the output of the eigenvalues about Figure 1(a) are as follows.
> figla=matrix (c (0,1,1,0,0,1,0,0,1,0,1,0,0,0,0,1,0,0,0,0,0,0,1,1,
+0,0,0,0,0,1,0,0,0,0,0,0),nrow=6,byrow=TRUE)

> figla=figla+t(figla)

> eigen(figla) $values

[1] 3.000000e+00 1.000000e+00 3.108624e-15 1.073775e-16

[5] -2.000000e+00 -2.000000e+00

The R codes for the input of adjacency matrix and the output of the eigenvalues about Figure 1(b) are as follows.
> figlb=matrix (c(0,1,0,1,0,1,0,0,1,0,1,0,0,0,0,1,0,1,0,0,0,0,1,0,

+0,0,0,0,0,1,0,0,0,0,0,0),nrow=6,byrow=TRUE)

> figlb=fig1b+t(figlh)

> eigen(figlb)$values

[1] 3.000000e+00 1.776357e-15 0.000000e+00 0.000000e+00

[5] 0.000000e+00 -3.000000e+00

The R codes for the input of adjacency matrix and the output of the eigenvalues about Figure 1(c) are as follows.
> figlc=matrix(c(0,1,0,1,1,0,0,0,1,0,0,1,0,0,0,1,1,0,0,0,0,0,0,1,

+0,0,0,0,0,1,0,0,0,0,0,0),nrow=6,byrow=TRUE)

> figlc=figlc+t(figlc)

> eigen(figlc)$values

[1] 3.000000e+00 1.776357e-15 0.000000e+00 0.000000e+00

[5] 0.000000e+00 -3.000000e+00
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Let G1,Gzand Gs be the three graphs in Figure 1. Obviously, the eigenvalues of adjacency matrix of G; are not the same
as the eigenvalues of adjacency matrices of Gzand Gs, but the eigenvalues of adjacency matrix of G are the same as the
eigenvalues of adjacency matrix of Gs. So G is not isomorphic to

G, and Gs.

Then, determine whether Gz and Gz are isomorphic.

The R codes for the output of permutation matrix and isomorphic mapping about G, and Gz are as follows.

> library(gtools)

> n=6

> s=diag(n)

> pa=permutations(n,n,1:n)

> pa=t(pa)

> d=s[,pa[,1:ncol(pa)]]

>i=1

> repeat {

+ c=d[,i:(i+n-1)]

+i=i+n

+ if(all((c%*%figlb)%*%t(c)== figlc)) {

+ break

+ }

+}

>c

[.1] [.21 [.3] [.4] [,5] [.6]

[1.] 1 0 0 0 0 0
[2,] 0 1 0 0 0 0
[3.] 0 0 1 0 0 0
[4.] 0 0 0 1 0 0
[5.] 0 0 0 0 0 1
[6.] 0 0 0 0 1 0
> apply(c,2, function(x)which(x==1))
[1]1123465

The output shows that G, ~= Gs. The isomorphism mapping from G2 to Gsis
Uz Us,U2 uz,Us Us,Us Ug,Us Usg,Us Us.

Second, we determine whether the three graphs in Figure 2 are isomorphic. Since the graph sequences of 3-regular graphs
on 8 vertices are the same, we directly determine whether the eigenvalues of their adjacency matrices are equal.

The adjacency matrices of three 3-regular graphs on 8 vertices in Figure 2 is

01110000 01110000
1 0001100 1 0001100
1 0001010 1 0000110
1 0000110 1 0000011
01100001 001000011
01010001 01100001
00110001 00111000
000O0DT1110 00011100
And

01 1 1 0000

1 00 0 1 1 00

1 00 0 1 0 01

1 00 00 1 1 0

01 1 00010

01 0 1 0 0 01

000 1 1 001

00 1 00110
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The R codes for the input of adjacency matrix and the output of the eigenvalues about Figure 2(a) are as follows.
> fig2a=matrix(c(0,1,1,1,0,0,0,0,
+0,0,0,0,1,1,0,0,

+0,0,0,0,1,0,1,0,

+0,0,0,0,0,1,1,0,

+0,0,0,0,0,0,0,1,

+0,0,0,0,0,0,0,1,

+0,0,0,0,0,0,0,1,
+0,0,0,0,0,0,0,0),nrow=8,byrow=TRUE)
> fig2a=fig2a+t(fig2a)

> eigen(fig2a)$values
[1]3111-1-1-1-3

The R codes for the input of adjacency matrix and the output of the eigenvalues about Figure 2(b) are as follows.
> fig2b=matrix(c(0,1,1,1,0,0,0,0,

+0,0,0,0,1,1,0,0,

+0,0,0,0,0,1,1,0,

+0,0,0,0,0,0,1,1,

+0,0,0,0,0,0,1,1,

+0,0,0,0,0,0,0,1,

+0,0,0,0,0,0,0,0,

+0,0,0,0,0,0,0,0),nrow=8,byrow=TRUE)

> fig2b=fig2b+t(fig2b)

> eigen(fig2b)$values

[1] 3.0000000 1.0000000 1.0000000 0.4142136 0.4142136
[6] -1.0000000 -2.4142136 -2.4142136

The R codes for the input of adjacency matrix and the output of the eigenvalues about Figure 2(c) are as follows.
> fig2c=matrix(c(0,1,1,1,0,0,0,0,

+0,0,0,0,1,1,0,0,

+0,0,0,0,1,0,0,1,

+0,0,0,0,0,1,1,0,

+0,0,0,0,0,0,1,0,

+0,0,0,0,0,0,0,1,

+0,0,0,0,0,0,0,1,

+0,0,0,0,0,0,0,0),nrow=8,byrow=TRUE)

> fig2c=fig2c+t(fig2c)

> eigen(fig2c)$values

[1] 3.0000000 1.0000000 1.0000000 0.4142136 0.4142136
[6] -1.0000000 -2.4142136 -2.4142136

Let Hi,Hz and Hs be the three graphs in Figure 2. Obviously, the eigenvalues of adjacency matrix of Hj are not the same
as the eigenvalues of adjacency matrices of Hzand Hs, but the eigenvalues of adjacency matrix of H are the same as the
eigenvalues of adjacency matrix of Hz. So Hs is not isomorphic to

H» and H3.

Then, determine whether H, and Hs are isomorphic.

The R codes for the output of permutation matrix and isomorphic mapping about Hto Hs are as follows.
>n=8

> s=diag(n)

> pa=permutations(n,n,1:n)

> pa=t(pa)

> d=s[,pa[,1:ncol(pa)]]

>i=1

> repeat {

+ c=d[,i:(i+n-1)]

+i=i+n

+ if(all((c%*%fig2b)%*%t(c)== fig2c)) {

+ break

+

}
+} [ L2131 [4] [,5] [.6]1 [.7] [.8]
>c
[1,] 1 0 0 0 0 0
[2,] 0 0 1 0 0 0

o o
o o
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[3.] o 1 0 0 0 0 0 0
[4,] o 0o o0 1 0 0 0 0
[5.] o 0 0 0 0 1 0 0
[6.] o 0 0 0 0 0 1 0
[7.] o 0o o ©O0 o0 O0 o0 1
[8.] o 0o 0 0 1 0 0 0

> apply(c,2, function(x)which(x==1)
[1]13248567

~

The output shows that H, ~= Hs. The isomorphism mapping from Hzto Hsis
Uo Uz, Uz uz, U2 Uz, U Us, Ug Uz, Us Us, Us Us, U7 Us.

5. Conclusions

In this paper, we consider the determination of graph isomorphism using R software. The graph isomorphism
determination process is given according to some relevant conclusions of graph isomorphism such as adjacency matrix.
Computer program for the determination of graph isomorphism is written using R. The output about the two sets of graphs
proves that the R codes written are very

practical and effective.
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