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1.0 INTRODUCTION
1.1 Hilbert Space
We introduce some basic definitions and facts about Hilbert space.
Definition 1. A Hilbert space is a complete, normed vector space H over the complex numbers
C, whose norm is induced by an inner product. The inner product is a function
(.,,.)tH x H — C,that satisfies:
@ Linearity in the second argument: Va, b € C and Vx, y, z €H,
(x, ay + bz) = alx, y) H(x, z).

() Conjugate symmetry: vx, yeH,

(x,¥)=(y,x)
where the overbar denotes complex conjugation.

(© Positivity: ¥x #0€H,
(x, x) > 0.

The norm of H is induced by its inner product: vx € H, llxlI2 = (x, x). The Hilbert space is required to be complete, which
means that every sequence that is Cauchy with respect to this norm converges to a point in H.

The most common Hilbert spaces, and the only ones we shall be concerned with in this article, are the Euclidean spaces
and the square-integrable function spaces.

Example 1. The Euclidean space C" is a Hilbert space with an inner product defined by
(x, )" = Xiz1 5

The norm induced by this inner product is the standard Euclidean distance; for example, in C?we have
Ix||= /%7 + x3.

We can generalize these Euclidean spaces to infinite dimensions. Our vectors are then functions instead of n-tuples of
numbers, and we must introduce the additional requirement that the functions be square-integrable to ensure that the inner
product is well defined.

Example 2. For a measure space M and a measure p, define L?(M, p) to be the set of measurable functions f: M— C such
that [ [fl2d p < co. This is a Hilbert space with the inner product

(f,9)= [ fedu.

We shall take p to be the Lebesgue measure when M is R or an interval on R, and counting measure when M =N or M =
Z.
In the first case, we use the notation L?([a, b]), and the Hilbert space consists of square- integrable functions. In the second
case, we use a lowercase | and write 12(N). Recall that integration with respect to counting measure is just summation, so
the inner product on 12 is

(x, 3’) - Z;il xiyi:
and I? is the space of square-summable sequences.
Hilbert spaces are “nicer” than general Banach spaces because of the additional structure induced by the inner product.
The inner product allows us to define “angles” between vectors, and in particular, leads to the concept of orthogonality:

Definition 2. Two vectors x and y in a Hilbert space H are said to be orthogonal if

(x, y)=0.

A set of vectors {xi} is said to be orthogonal if {x,x) =0 fori #]j.

In the Euclidean spaces, the inner product is the standard dot product, and two vectors are orthogonal if their dot product
is zero.

1.2 Linear Operators on Hilbert Space
Operator here means a linear map between two Hilbert spaces. We introduce some basic terminologies regarding
operators.

Definition 3. For Hilbert spaces H1 and H2, mapping T: H1—H2, is called a linear operator if, for every x, y €H1 and
for every c1,c2 €C, wehave
T(eix+e)=ciIx+e: Ty.

A linear operator is bounded if there exists a constant k > 0 such that IT xIl <k llxlIfor all nonzero x€H1. If T is a bounded
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operator, then we define the operator norm to be the norm induced by the two Hilbert space norms in the following way:
ITI = inf{k:ITxIl <k llxlifor all x # 0}.

Every linear operator has an adjoint, which is the unique operator T* satisfying
(Tx ,y)=(x,T*y), forall x, y € H1.

An linear operator is an injection if Tx = Ty = x =y (that is, if T maps distinct elements in H1 to distinct elements in
H2). A linear operator is a surjection if range(T) = H2. An operator that is both surjective and injective is called a
bijection.

In the finite dimensional case, linear operators are just matrices; the linear operators from C"to C™ are precisely the C™*"
matrices in C™". Infinite dimensional linear operators are the subject of functional analysis, and are much more difficult to
classify in general. We will be working with a special type of linear operator called a “frame operator” whose norm is
bounded above and below by two nonzero constants.

2.0 Representations of L? Functions

A common task in applied mathematics is to represent a function f € L? in terms of some sequence of coefficients in I2.
For example, in signal processing applications we often represent an analog signal (an L2 function) in terms of a sequence
of coefficients. In theoretical considerations we may take these coefficients to be in I?, but in practice we can only store
finitely many coefficients. We hope to be able to choose a finite set of coefficients that capture most of the “information”
in the original signal, in the sense that we can use the coefficientsoreconstruct the original signal with a small L? error.
The most common way to accomplish this task is to find a set of basis vectors {vn} for L2, and use the inner products {n,

f ) as the I? coefficients representing a function f €L2.

Example 3. Consider the Hilbert space L?(0,1). The functions
{e2n1nx, nez)

form an orthonormal basis for this space, and we can represent any function f € L2 uniquely as a sequence in 1(Z) defined

by
cn = (e?minx, f) neZ

These cn are the “Fourier coefficients” of f. A function can be reconstructed from its Fourier coefficients using the
inversion formula

f=2nez CneZm'nx

The map F that takes f to its sequence of Fourier coefficients ¢ is unitary. This means that the problem of forming c given
fand the inverse problem of forming f given c are both numerically stable, which is especially important in computational
applications where we may only have an approximation to f or c. The fact that the operator F is bounded above and below,
guarantees that, given a sufficiently good approximation for f, we can form an approximation ofc.

It turns out that requiring the set {vn} to be a basis is overly restrictive for some applications. It is possible to form “stable
representations” of arbitrary elements of H in terms of sets of vectors that are not necessarily linearly independent. The
most general set of vectors that allows us to form stable representations of arbitrary vectors is called a “frame.”

3.0 Hilbert Space Frames

A frame is a subset {@j} of H that satisfies two very useful conditions:

(i) Every other vector in H can be written as a linear combination of the gj.

(i) Every f in H can be represented as a sequence of “frame coefficients” in 12, and each fcanbe reconstructed in a
numerically stable way from its frame coefficients.

The frame coefficients of a function f are determined by applying the “frame operator” to f. Reconstruction of f from its

frame coefficients is performed with a pseudoinverse.

Definition 4. Let {¢j} be a subset of H such that there existe, > 0 with
o IfI2 < (g, f])2 < plfI?

for all fe H. Then {¢j} is called a frame of H. The supremum of all « and the infimum of all
B that satisfy the above inequality are called the frame bounds.
The frame operator is the function F: H—I? defined by
(FIn={epn ).
By definition, the frame operator satisfies
o IfIZ < IFfIZ < g IIfI2.
If oc=p, then {pj} iscalled atight frame.
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Some basic facts follow immediately from this definition.
(i) A frame must span the Hilbert space. Otherwise, F would have a non-trivial nullspace and there would be some f #0
such that IFf2=0 < o IIfI1%,
(i) The frame operator is an injection onto its range. If F f=F g, then by linearity F(f — g) = 0 and
xIf —gl2 <0<plf —gl’=> If—gl=0=>f=g.

(iif) A frame does not have to be orthogonal, or even linearly independent.

10
F (0 1) = (1 0 1) .
Example 4. Let H = C?, and let 1 1/. The columns of 0 1 1/ are aframeof Cn, and F: C2 — C3 is the

associated frame operator. Its range in C? is the span of its columns,
a

')
i.e., all vectors of the form <a + b/ and F is a bijection from C? to this two-dimensional subspace of C3. Its frame

(21
bounds will be the squares of the singular values of F, which are the square roots of the eigenvalues of (1 2)
Thus,c=1and g =3.

The obvious question is how a vector x € C? can be reconstructed from its “frame coefficients” in C3. It turns out that there
is another set of vectors in C 2, called the dual frame, that is used to reconstruct x from its coefficients.

Before defining the dual frame, we compute the adjoint of the frame operator.

Proposition 1. Let {¢j} c H be a frame and let F be the associated frame operator. Then the
adjoint of F is the operator F*: 1> — H given by
F*c = Z Cij.
(Ff,c)=%(p; [c;

Using the conjugate symmetry and linearity of the inner product, this is

={f.Ze@) = (f.Fo).

Proof. By definition, the adjoint satisfies

The result follows.
So, the adjoint of the frame operator takes a sequence ¢ in I to a linear combination of the frame vectors weighted by the
coefficients cj.

3.1 The Dual Frame
Definition 5. Dual Frames
Let {gj} be a frame in H. Then there is another frame {¢}<H, called the dual frame, given by:

p-A— # —1 .

$i=(FF) g
It is instructive to look at the equivalent expression

9j = F'Fg

F ¢ is the I? sequence of “frame coefficients” of in terms of the original frame; say F ¢ =. The adjoint F*, when applied
to this sequence of coefficients, gives

F¥o = Yo = ¢j

So, we have written each of the original frame vectors @j as a linear combination of the other @i, and the coefficients of
this expansion are the inner products of the ¢i with the dual frame vector ¢

We will see below that we can expand any vector f €H as a linear combination of the ¢j, and the coefficients of this
expansion will be given by the inner products of f with the dual frame vectors ¢ On the other hand, we can write any
vector f as a linear combination of the § and then the coefficients will be given by the inner products of f with the original
frame. This swhere the terminology “dual frame” comes from; reconstructing a vector from its frame coefficients and
writing a vector as linear combination of frame vectors are in fact dual aspects of the same problem.

Proposition 2. If F is a frame operator (with frame bounds « and B), then F*F is invertible; thus, the dual frame is well-
defined.
Proof.

() Let f €H with £ #0. Then
(F * Ff), fi= (Ff, Ff)= IFfI2=AlfI? > 0.
It follows that FxFf #0, so F*F is injective.

(i) The range of F*F is closed. Suppose gn is some Cauchy sequence in the range of F*F. That is,
lgn — gml— 0 as n, m—oo
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and there is a sequence fn such that F*Ffn = gn vn. For any n, m,

(FFG— fu) (= )= IF = ful? = lge— gml2=alf— ful?,

since F is a frame with lower bound « > 0. That means

1o = full? < 2 llgn = gl
So lIf — ﬁnll2 — 0 asn, m— o and fn is a Cauchy sequence as well. Every Hilbert space is complete by definition, SO
fn convergestosome f €H. F*Fisabounded linear map: thenorm of an operator and its adjoint are the same, so IIF
FI < IFI2 =g. It follows that F*F is continuous, and
F*Ffn = gn—F*Ff = g € range(F*F).
That is, any Cauchy sequence gn in range (F*F) converges to some element g in range(F*F), and range(F*F) is closed.

(iii). F*F is a surjection, since
range(F * F)=range(F*F)=N((F*F))L=N(FF)L= {0} L=H,

where we have used the fact that F+F is self-adjoint.
Thus, F*F is a bijection from H to itself and for every g €H, there is a unique f €H such that F*Ff = g. The inverse is the

unique operator satisfying (F*F) g = f.
We are now in a position to show that the dual frame is indeed a frame of H, and compute its frame operator and frame
bounds.

Theorem 3. Suppose {¢j} is a frame of a Hilbert space H, with associated frame operator Fand frame bounds 0 < o < p<

. Then the set i = FF)'0il s another frame of H, with frame operator
F =F(FF) .,
Satisfying

1 2 ~e2 <1 2
g WP = E7FIE <2 NI

The set {q')} is called the dual frame associated with the original frame.

Proof.
If {§} is to be a frame, then its frame operator is some Fsatisfying :

(Fy =@, 1) = EF7'@i, f- (FF1 i the bounded inverse of a bounded self-adjoint operator, so it is self-adjoint,
and N
(FPi=<@.(FF)*f).

By definition of the frame operator F, this is the j™ component of F (F*F)™'. Thus, the dual frame operator is given by
F=F(F*F)".
To compute the frame bounds, we note that the inverse of a bounded self-adjoint operator is also self adjoint, so F =
(F*F)'F*, and

|FFIP = Ff, )= {(F F)  F'F(F'F)™ f, f)

=(FF) )
Let g = (F*F)!f, so that

~ 2 .
IFFI|” =g, F Fg)=IIF glI>.
Since F is a frame operator with bounds « and g,
allgh® < IFgl?> < p IFgl?,

Inserting g = (F*F)"f back into this inequality gives
AIFF L2 < IfI2 < I(FF) 1112,

and rearranging, we have

1 .~ — 1

7 IFIE < NEEF)TIE < S IFI
It follows that

SIrIE < EFI = S 71,
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o _ 0<— <
Thus, {@ is indeed a frame, with bounds B

Rl

< o,

(o) (D)-Qlere
Example 5. Let us return to Example 4, and compute the dual frame. We have a frame *\0/°\1/"°\1 of C . The
frame operator is

1 0
(o 1)
11

and the frame boundsarea =1, 8 = 3.
The dual frame operator is

Wl

F =FFF) =

Wk Wl wlN
Wk wln

2 -1 1
/3 /3\ (/3
. —1/ ’ 2/ ’ 1/ '
so the dual frame is 3 3 3/JThe bounds for the dual frame are

(1
Consider the vectorx (Z)Applying the operator F to it gives
1
Fx= (2)
3
These are the coefficients of the expansion of x in terms of the dual frame vectors; that is,
1 2/ —1/ 1/
x=(;)=1 (—13 )*2 ( 2 3)*3(1 3)
/3 /3 /3
If we instead apply the dual frame operator to x, we find
0
Fx= (1)
1
These are the coefficients of the expansion of x in terms of the original frame vectors:
(1 _ /1 0 1
x=(3)=0(p) =1 () +1 ()

In general, the frame operator is not invertible, since it might not be surjective. However, in the example above, we were
able to recover a vector x from its frame coefficients by writing kas a linear combination of the dual frame vectors;
specifically,

FFx=x
for any x, so the frame operator has a left inverse F* that inverts F on its range. This turns out to be true in general, and
an analogous result allows us to recover a vector from its dual frame coefficients.

Theorem 4. Pseudo-Inverse of the Frame Operator
If F is a frame operator in a Hilbert space H and Hs the associated dual frame operator, then
FF=FF =1,
where | is the identity operator on H. That is, Frand F* are left inverses for F andNRespectiver.
Proof. The dual frame operator is given by
F=F(F*F).
F*F is a bounded, self-adjoint operator, so it is invertible and its inverse is self adjoint. Thus,
F=FFy'F.
It follows that
EF =(FF) {(FF)=L
Also,

F*F= F*F(F*F) ' = I. Thus, for any frame {¢j} and its associated dual frame {§ }, we have for each f €H

f:Z<®j;f> aj = Z(a);f) D;.
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When a frame is redundant (that is, F is not a surjection, or equivalently, the frame vectors are linearly dependent),NF is
not a unique left inverse. We can add any arbitrary operator A that is zero on range(F) and still get a left inverse; if A: 12

—H is a linear operator satisfying A (F f)=0 for all f € H, then clearly (F + A)F f = kF f = f for any f €H. The pseudo-

inverse F* is chosen because it is zero on range(F)L, and so it is “optimal” in the sense that is the left inverse with the
smallest possible norm.

Theorem 5. “Optimality” of the Psuedo-Inverse B
If F is a frame operator on H and F is the dual frame operator, then I~ is the left-inverse of F with minimum induced
norm. That is, if F*F = TF = |, then
I || < 0Tl
Proof. First we show that range(F) is closed. Let cn = Ffn be a Cauchy sequence in range(F); that is,

If — fnl>— 0 as n, m—oo.
From the frame inequality it follows that

IF (f— full? = oy — > > a If — £ 112
2
so If — full —0 as n, m—oo. Thus, fn is a Cauchy sequence and it converges to some feH. F is bounded, so it is

continuous, and F fn =cn — F f = ¢ for some ¢ € range(F), and range(F) is closed.
Since range(F) is closed, we have

I = range(F) @ (range(F))-L.
Let ¢ €I? with ¢ # 0 and write ¢ = ¢1 + c2 where c1 = F f € range(F) and c2 € (range(F)). Let T be an arbitrary left

inverse of F. Then T and F are equal on range(F), so
IF cll _ IIF eqll _ Tl

llell lell llell
. 2 2 2
Since c1Lc2, llch =gl + el and el = licll, so

17l _ IFcll _ ITeall _ ITel ITcl
el el lel — fel — el
Thus,
- IEcl _ el
F*|| =su < =||T]|.
I e

and the pseudo—inverse~ﬁ‘ is the left inverse of F with minimum sup norm.

We have shown that the pseudo-inverse is the left inverse of minimum norm. If we know the lower frame bound a, then
—~ ~ 1 _

17l 17

va' | Having this bound on the pseudo-inverse is important for computational

this norm is given by
1

reasons; if V& isnottoo large, then a vector can be reconstructed from its frame coefficients in a numerically stable way.
Say we have a vector f€ Hwhose frame coefficients are givenby F f =c. Inpractice, we will not have the exact frame
coefficients, but some perturbed ¢ =c + & where hopefully lI§ll « 1. Then the reconstructed vector will be

~ ~ 7 . 1
F=Fi=f+F5, 4 IF—FI=lF 8] < 7181
small perturbations of the reconstructed vector,

1

. Thus, small perterbations to the frame coefficients result in

as long as Y& is not toolarge.

3.2 Tight Frames

We have seen that in order to reconstruct a vector from its frame coefficients, we must have knowledge of the dual frame
as well. For a special class of frames, this is no trouble, because the dual frame vectors are just constant multiples of the
original frame vectors.

Theorem 6. The Dual Frame of a Tight Frame
A tight frame is a frame satisfying IIFflI> = « IfI1” for some « > 0, and for every f € H.
Let {oj} be a frame of H. Then {j} is a tight frame with frame bound « if and only if the dual frame is given by

% o Pis-

Proof.

Suppose {@j} is a tight frame. Then for any f €H,
IFFIZ=(F « Ff,f)y = alfI? = a {f,f),

and thus
FxF =Al

Tyl 1
(FF) “1

where | is the identity operator on H. It follows that , and so
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~ 1
Conversely, suppose we know that the dual frame satisfies ; a i ". Then the associated

~ - l ) -

frame operator satisﬁes(‘F £i=95.f) a (F f)J’, so F = aF It follows from Theorem 4, then, that
F'F =a F'F =al,

so forany f €H,

(FxFf, fy=IFfI2 = a{f,f) = alfI1?
and {¢j} is a tight frame with frame bound a.
Example 6. Any orthonormal basis is a tight frame with a = g =1.

Example 7. In R?, any set of 3 vectors that are equally distributed on the unit circle (meaning the angle between each of
them is 120 degrees) will form a tight frame. For example, the set

() ) o (5 ()

(y)in R 2, we have
2 2 2 X J3y 2 x J3y 2
n=1 (@",U)l =y 4+ (=24 =) +[—=2 - X

v
is a tight frame. To see this explicitly, note that for any

2 2 2 2
1 3 V3 3 V3
=x>+-x?+-y? -y +-x?+-y%-—x
4 2 4 27
3.2,.3.2_3 2
=—x°t+- =-|lv
22+ 2y =3y

3.3 Relationship between Frames and Bases
A frame is a generalization of a basis. Clearly, in finite dimensions a frame is a basis if and only if it is linearly
independent; that is, a frame in Cn is a basis if and only if it consists of exactly n vectors.

Definition 6. Normalized Frames
Define a normalized frame to be a frame {¢j} of a Hilbert space H such that lpjl =1 for all j . That is, a normalized frame
consists of unit vectors.

Theorem 7. Conditions for a Normalized Frame to be an Orthonormal Basis

A normalized frame is an orthonormal basis if and only if a = 8 = 1.

Proof. Suppose {vj}jeJ is an orthonormal basis of a Hilbert space H. Then for any u € H, we have the basis expansion
u=2jg/{y,u) vj.

Since {vj} is an orthonormal basis, (y,n) = 3ij for all i, j € J. Thus,

Null? = (u, uy = Ve, u) u, v) =Y (v, u)|?,

and vj is a normalized frame with a = § = 1.

Now suppose {gj}j€J is a normalized frame with & = 8 = 1. Then for any f € H,
If02=Yiel g )

Then in particular, for any i, II(prI2 =1=1+ Zj;,g”((p/ + @)]%, which implies [(¢, ¢:)| = 8ij so the frame vectors are
orthonormal. To show that any vector can be expanded in terms of the frame vectors, consider the difference

D=f-2 gl /9.

This difference must satisfy

ldl%= 3, ¢y, d)

=Yea (o f = Liedo, o)’

=Ya(l{o. f) — Lieo, o, o)D?

Since the ¢j are orthonormal, this is equal to
Z*‘ €/ (|(<p‘1f ) - <th|)2: 0
Thus, d=0and f = 2 g/ (@, f )¢ It follows that {ej} constitutes an orthonormal basis.

If a frame is not normalized, then the result of Theorem 20 does not hold. We can show this by constructing a frame of
C2 consisting of 3 vectors that has bounds a = § =1.
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Example 8. To construct a frame of C2 consisting of 3 vectors that satisfies A = B = 1, we must find a matrix in C*2that has
singular values 61 = 62 = 1. Such a matrix can be factored as USV, where U €C®< and V € C?? are unitary and

10
S=(o0 1
0 0/. For example, let

cos G) sin G) 1 cos (g) 0 sin (g)
U=\ - sin (g) cos (g) 1 0 1 0
1

sin(2) 0 cos(Z)

0 0
And
_(1 0
V_(U 1)'
This gives
1 V3
4 2
usv=| ¥ L[
4 2
20
2

{( 1/4) (72) (ﬁ)}
So the set \\' 72/ 2/ Vo /) s o tight frame of C2 with « = § = 1. However, it is clearly not a basis. Theorem 7 is not
violated because the frame vectors do not have unit length.

3.4 Frames in Finite Dimensions

We now consider frames in the finite dimensional Hilbert spaces C". We give first a sufficient condition for a set of vectors
to constitute a frame.

Lemma 8. Any finite, spanning set in C" constitutes a frame.

{p)_ cC Y =

Proof. Suppose j=1 and span({gj}) =C".

Define an operator F: C" — C™ by (Fx)j = (¢, x). F can be written as a matrix F €C™". This matrix has rank n, since the
span of its rows is all of C" by assumption; it follows that all the singular values of F are nonzero. We denote the largest
singular value by 61, and the smallest by on. Then for any x eC",

o 2llx|l? < IFx|I” af [1x]1°.
Thus, F is a frame operator, {¢j}j=1 is a frame of C", and the frame bounds are given by the squares of the smallest and

largest singular values of F (i.e., the absolute values of the eigenvalues of F*F).
It is also possible to have an infinite frame in finite dimensions, as long as the length of the frame vectors goes to zero
sufficiently fast.

2<m.

Lemma9. A countable spanning set {%}}.:1 in C"is aframe iff Zf:l ”qu

Proof. Let {q)f }1' =1 be a set that spans C".

Suppose iff ol =8 <= por any x €C", the Cauchy-Schwarz inequality gives

IExN? =22 (o 0" <= lxll2 22y ||o; ]| = B Il

so F is bounded above.
Since {¢j} spans C", we can choose a finite subset that also spans C", say {911};1: 111 where ¢i '€ {@j}. By Lemma 17, this
subset is a frame; say its lower frame bound is A. Then

IFxlI2 = 22, (95,0 = = Ty [(eh 0| = Al

and F is bounded below. It follows that F is a frame operator and the {¢j} are a frame of C".

4.0 Conclusions

We have introduced the concept of frames and gone through the basic definitions and important theorems. The real work,
being in construction of frames that can be used in applications. References (1) and (2) provide constructions of wavelet
frames and windowed Fourier frames, which have found great use in signal processing applications. The results we have
presented about finite frames indicate that a normalized tight frame (FNTF) exhibits a great deal of symmetry, and that
these FNTFs can be fully classified. The infinite dimensional analogous has not, I suppose, been fully explored; similar
classification results for infinite dimensional normalized tight frames could give some insight into the concept of
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symmetry and “equidistribution” in the infinite dimensional setting.
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