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Abstract:

The Banach fixed point theorem or contraction theorem of a complete metric space into itself .1t state conditions sufficient
for the existence and uniqueness of a fixed point
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1. INTRODUCTION:
It is well Know that the Banach contraction principle is a fundamental result in the fixed point theory, which has been
used and extended in many different direction, also there are severl generalizations of usual metric space and L» space

Definition(1.1) (Metric space , Metric ) : A metric space is a pair (X, d), where X is a set and d is a metric on X ( or
distance function on X ) , that is a function defined on XxX such that for all x, y, z € X we have :

is real valued, finite and nonnegative. (M1) d

(x,y)=0 ifandonlyif x=y .(M2)

(x, ) =d(y, x) (Symmetry )(M3)
(x, y)<d(x, z) +d(z,y) (Triangle inequality ) (1.1) (M4)

Sequence space [* : as set X we take the set of all bounded sequences of complex numbers , that is every element of X
is a complex sequence

12)x=(é1,&n,...) briefly x=(¢)

Such that for all j = 1,2,... we have |§;| < cx, where cx is a real number which may depend on x , but does not depend
on j . We choose the metric define by :

(x,y)=supjen&i—mil  (1.3)

Where y=();€X and N={1,2, ... } , and sup denotes the supremum " least upper bounded ) .The metric space thus
obtained is generally denoted by [” is a sequence space because each element of X is a sequence .

2. Preliminaries : (I) Ip ametric space
Let >1 be a fixed real number . By definition , each element in the space [ris a sequence x = (§;) = (1, €2, ...) of
number such that |€1)p + |27 + -+ converges ;

Thus > im|&jlp < 00 (21) (=1, fixed)

And the metric is defined by

o 1/p
d(x,y) = (Z g —nj|") (22)

j_
P
Where ¥ = (1;) and | < “.

In the case p =2, we have the famous Hilbert sequence space [? with metric defined by :

d(x,y) = _ & —nj|°
=1
= 2.3)

This space was introduced and studied by D. Hilbert (1912) in connection with integral equations and is the earliest
example of what is now called a Hilbert space.
We shall derive:

(a) an auxiliary inequality : Let p>1 and defined q by

11
—+-=1
Poq (2.4)

are then called conjugate exponents. This is a standard term. p and g

From (2.4) we have 4
PTq
1= W,pq=p+q,(p—1)(q—l)=l (2.5)

Hence :
Up—1)=qg—1,sothat u=tr?t implies t=wuda?
Let and B be any positive numbers. Since a f is the area of the rectangle, we thus obtain by integration the inequality

a B
P q
af < ftp—l dc+fuq—1du - %+%(2.6)

0 0
Note that this inequality is trivially true if a=00r =0
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(b) the Holder inequality from (a) . Let (&;) and (n; ) be such that
YEr=1,  Ymili=1 2.7)

Setting a = |§j|and B =In|, we have from (2.6) the inequality
Z|5fﬁf | < Ll
p q

We now take any nonzero x = (¢;) € lr and y = (n;) € la and set

= 3 _ 1}
(2_9]5.:+ T =—1J
ol

(2.8)

Then ( 2.7) is satisfied , so that we may apply (2.8) . Substituting (2.9) into (2.8) and multiplying the resulting inequality
by the product of the denominators in (9)
, We arrive at the Holder inequality for sums

z;|fﬂlj| < (Z;Ifkl")w (Z:qlnmlq)uq (2.10)

1

1
Where >1 and ? ¢ .This inequality was given by O. Holder

If =2, then q =2 and (2.10) yields the Cauchy —Schwarz inequality for sums
S Jon < jz 6 jz o
j=1 k=1 m=1

It is too early to say much about this case p = =2 in which p equals its conjugate g , but we want to make at least

(2.11)

(c) the Minkowski inequality from (b) : for sums
oo i/p oo 1/P o) 1/P
(Z &+ ml) <O &) O mak) e
j=1 k=1 m=1

Where x=(i )€l andy= (") elr and p=1

For = 1the inequality follows readily from the formulas we shall write &;+ n;= w; . The triangle inequality for numbers
gives

|p—1 |'.U—1

o] = &+ 15|, < (|& |+ [ni]D)|w;

Summing over j from 1 to any fixed n, we obtain
v p-1 p-1
Dl <l llol ™+ Y [ mlloy ™ 213)
To the first sum on the right, we apply the Holder inequality, finding

Sesllan™ =[]+ [Y o]

On the right we simply have: (p—1) g=pbecause pg=» + q
Treating the last sum in (2.13) in a similar fashion, we obtain

Z| o)™ = [ZWHP]”P + [Zﬂwm'p_l)q]l/q
Z|wj|p = {[le‘kl]w + [Z| mp]l/”} (lej|p)1/-p

Dividing by the last factor on the right and noting that 1 — 1/g = Ip

We obtain (2.12) with n instead of «. We now let n — oo hence the series on the left also converges, and (2.12) is
proved.

(d) the triangle inequality (M4) from (c): From (2.12) it follows that for

x and y in [ the series in (2.2) converges. (2.12) also yields the triangle inequality.

Together,
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In fact , taking any x, y, z € IP , writing z = (§;) and using the triangle inequality for numbers and then (12) , we

obtain
d (Zﬁj - ’?j|p)1/p (x,y) = (Z[ff =3+ - ’Tj]p)
= (Zk} =4 lp)l/p + (ij_m'p)w

=d(x,z)+ d(z,y)

= lr is ametric space #
. here pis fixed and 1<p <+wo(II) Completeness of I?

1/p

Let (x») be any Cauchy sequence in the space [, where xm = (&1, &), )
Then for every € >0 thereisan N such that forallm,n>N,

. 1/p
P
d (X, %) = (Z 1|~f§m)— o ) <e (214)
]=

It follows that for every j=1,2,... we have
[§6m) — &) < € (m,n>N) (2.15)

We choose a fixed j .From (2.15) we see that (£, , &@m), ... ) isa Cauchy sequence of numbers .say &™ — & asm
— o0 .Using these limits we define x = (1, é2,..) and show that x € lrand xm — x .From (2.14) we have for all
mn>, ZKjZl |€f(m)7 fjl(n)l <ef (k =12, .. )

Letting n — oo, we obtain for m > N, Y%=1 |§;m — 10| < eP  (2.16)

This show that »~* =" =¢1" € [p Since xm € Ivit follows by means of the Minkowski inquality (2.12) that x = xm +
(x—xm) €lr .
Furthermore , the series in (2.16) represents [d(xm, xx)]? , so that (2.16) implies that xm» — x .Since (xm) was an
arbitrary Cauchy sequence inlr .this proves
compleness of [P, where 1 <p <+ .

(1) Space I isseparable: The space Ip with 1<p <+ isseparable. Proof: Let M be the set of all sequences
y of the form
y=Mun2...,Mn, 0,0, ..)

is any positive integer and the n; 's are rational M is countable .We where n show that M isdense in Ip . Let = (§;) €
Ir be arbitrary . Then for every € >0

P

i
2

there is an n (depending on € ) such thatzfinﬂl‘ff

have the remainder of a converging series . Since the because on the left w rational are dense in R, for each there
is a rational 7, close to it
n P
P €
Zj:llfj -l =5

n o P
p— P P <
e = lg-nl+<) Il <3
We thus have (x,y) <e and see that M is dense in [»

It follows that :

(V) Theorem (2.1) (Fischer — Riesz) : I is a Banch space forany | <p <o
Proof : We distinguish the cases p=wand 1 <p <

Case (1) : p= ©0. Let (fn) be a Cauchy sequence is L*, given an integer k>1 there is an integer Nx such that

1
I = fallo =3 for m, n > Nk . Hence there is a null set Er such that

[ fn(x) — fr (2] s% vx € Q/E, vm,n =N, (2.17)

Then we let E = Uk Ex so that E is a null set and we see that for all The sequence fn(x) is Cauchy (in R) .Thus fn(x) —
fx) x EQ\E Forall x € Q\E .Passing to the limit in (2.17)as m —oo we obtain

| fin (x) = fn (0 <y forallx €Q\E Vn 2Ny

- - 1
- <X vn >
We conclude that f € L” and If = Falleo <5 ¥n 2 Ni
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Therefore fo = fin L7

Case (2) :1=p<w.Let(fn) beaCauchy sequencein Lr.In orderto conclude , it suffices to show that a subsequence
converges in Lp
We extract a subsequence (fnx) such that
1
|fnk+1 _fnklp = ﬁ Vi =1

We claim that fnx converges in » .In order to simplify the notation we write fir instead of fn«, S0 that we have

1
| fior =filp <55 VE =1 (218)

Let
In(x) = Li=1lfes1(x) — fi ()| sothat || gull, =1

As a consequence of the monotone convergence theorem g(x) tends to a finite limit , say g(x),a. e on Q , with g€ L?
.On the other hand m for m > n > 2 we have
| fn () = Lo S| fn(X) = frna QD1+ 4+ | frga (%) = £ (2]

< g() = gnoa ()

It follows that a.e Q, f(x) is Cauchy and converges to a finite limit , say f(x).
We have a.e on Q , |f(x) - fn(x)l < g(x) fOT n =2 (2-19)

And in particular f € L . Finally , we conclude by dominated convergence that
,since | f,(x) — f(x)IP = 0ae.llf, — fll, > 0

and also|f, — fIP < g© € L' #

3. Main Results: Banach Fixed Point Theorem:
A fixed Point : of amapping T: X — X of aset X into itself is an x € X which is mapped onto itself, thatis Tx =x
, the image Tx coincides with x .

Definition (3.1) (Contraction): let X = (X, d) be a metric space.
A mapping T: X — X is called a contraction on X if there is a positive real number a < 1 such that for all x, y € X:
(Tx, Ty)<ad(x,y)(a<l) (3.1)

Geometrically this mean that any points x and have images thay are closer together than those points x and y , more
precisely the ratio d( Tx, Ty )/d(x, y) does not exceed a constant a which is strictly less than 1.

Banach Fixed Point Theorem (3.2) (Contraction Theorem) :
Consider a metric spaceX = (X, d) , where X # @ .Suppose that X is complete and letT: X — X be a contraction on X
.Then T has precisely one fixed point .
Proof : We construct a sequence (x») and show that it is Cauchy , so that it converges in the complete space X , and then
we prove that its limit x is a fixed point of T and T has no further fixed points . This is the idea of the proof .
We choose any o € X and define the " iteravtive sequence " (x») by xo ,x1=

Txo2=Tx1=T?x0,...,xx=Tr (3.2)

Clearly , this the sequence of the images of xo under repeated application of T
.We show that (x») is Cauchy . By (3.1) and (3.2)
d(xm+la xm) - d(Txm+1v Txm—l) =« d(xmjxm—l)

= o (Txm-1, Txm—2) < @?d(Xm-1, Xm-2) ... < aMd(x1, xo)
Hence by the triangle inequality and the formula for the sum of a geometric progression we obtain for n >m
d(me xn) = d(me Txm+1) < d(xm+1! 2) +oe d(xn—l'xn)
< (@M 4 @™ 4 a1 d(xpxy)

_o—m

" 11: d (x0.,)

=a

Since 0 < a < 1, in the numberator we have 1 — an™< 1. Consequently
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A(Xp, Xp) < % d(x0x;) (n>m) (3.3)

On theright 0 <a <1 and d(xox1) is fixed, so that we can make the right hand side as small as we pleas by taking m
sufficiently large
This prove that (xm) is Cauchy. Since X is complete (xm) converges, say
xm — x . We show that limit x is a fixed point of the mapping T
From the triangle inequality and (3.1) we have
(x, Tx) < d(x, xm) + d(xm,Tx) < d(x, xm) + o d(Xm-1, X)

And can make the sum in the second line smaller than any preassigned € >0 because xm — x .We conclude that d(x,
Tx) = 0so that x = Tx by (M2) .This shows that x is affixed point of T. is the only fixed point of T because form Tx
= x and Tx = x obtain by (3.1) : d(x, x) = d(Tx, Tx) < a d(x, x)

which implies d( x, x)=0 since a <1 .Hence x = x by (M2) and the theorem is prove #

corollary (3.3) ( Iteration , error bounds ) : Under the conditions of Theorem (3.2) the iterative sequence (3.2) with
arbitrary xo, € X converges to the unique fixed point x of T .Error estimates are the prior estimate

O(111
d (X, xx,) < d (x9%7) (3.4)

and the posterior estimate .
d(xy, xx,) < % d (Xp_1.%m) (3.5)

Proof : the first statement is obvious form the previous proof. Inequality (3.4) follows from (3.3) by letting n — o .We
derive (3.5)
Takingm =1 and writing yo for xo and y1 for x1 , we have from (3.4)

d(y1,x) Sl‘x__a d (Yo, y1)

Setting 0= xm-1, we have y1=Tyo=xm , and obtain (3.5)

Theorem (3.4) : ( Contraction on a ball)
Let T be a mapping of a complete metric space X = (X, d) into itself. Suppose is a contraction on a closed ball
is T satisfies (3.1) for all x, y € Y. Moreover, assume Y = {x| d(x, xo) <r }, that that
(xo0, Txo)(1 — a)r (3.6)

Then the iterative sequence (3.2) converges to an x € Y .This x is a fixed point of Tand is the only fixed point of T in
Y.

Proof : We merely have to show that all x's as well as x liein Y. We putm =0 in (3.4) , change n to m and use (3.5)
to get

1
d(xg, Xpm) < 1-a d(xg,x) <7

Hence all xm'sarein?Y.alsox € Y since xm — x and Y is closed. The assertion of the theorem now follows from
the proof of Banach’s theorem
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